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Abstract

The method for finding fuzzy optimal solution of fully fuzzy critical path (FFCP) problems i.e.,
critical path problems in which all the parameters are represented by fuzzy numbers, is at best
scant; possibly non-existent. In this paper, a method is proposed to find the fuzzy optimal
solution of FFCP problems, together with a new representation of triangular fuzzy numbers. This
paper will show the advantages of using, the proposed representation over the existing
representations of triangular fuzzy numbers and will present with great clarity the proposed
method and illustrate its application to FFCP problems occurring in real life situations.
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1. Introduction

In today's highly competitive business environment, project management's ability to schedule
activities and monitor progress within strict cost, time and performance guidelines is becoming
increasingly important to obtain competitive priorities such as on-time delivery and
customization. In many situations, projects can be complicated and challenging to manage.
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When the activity times in the project are deterministic and known, critical path method (CPM)
has been demonstrated to be a useful tool in managing projects in an efficient manner to meet
this challenge. The purpose of CPM is to identify critical activities on the critical path so that
resources may be concentrated on these activities in order to reduce the project length time.

The successful implementation of CPM requires the availability of clear determined time
duration for each activity. However, in practical situations this requirement is usually hard to
fulfill, since many of activities will be executed for the first time. To deal with such real life
situations, Zadeh (1965) introduced the concept of fuzzy set. Since there is always uncertainty
about the time duration of activities in the network planning, due to which fuzzy critical path
method (FCPM) was proposed since the late 1970s.

For finding the fuzzy critical path, several approaches are proposed over the past years. The first
method called FPERT, was proposed by Chanas and Kamburowski (1981). They presented the
project completion time in the form of fuzzy set in the time space. Gazdik (1983) developed a
fuzzy network of unknown project to estimate the activity durations and used fuzzy algebraic
operators to calculate the duration of the project and its critical path. Kaufmann and Gupta
(1988) devoted a chapter of their book to the critical path method in which activity times are
represented by triangular fuzzy numbers. McCahon and Lee (1988) presented a new
methodology to calculate the fuzzy completion project time.

Nasution (1994) proposed how to compute total floats and find critical paths in a project
network. Yao and Lin (2000) proposed a method for ranking fuzzy numbers without the need for
any assumptions and have used both positive and negative values to define ordering which then
is applied to CPM. Dubois et al. (2003) extended the fuzzy arithmetic operational model to
compute the latest starting time of each activity in a project network. Lin and Yao (2003)
introduced a fuzzy CPM based on statistical confidence-interval estimates and a signed distance
ranking for (1- « ) fuzzy number levels. Liang and Han (2004) presented an algorithm to perform
fuzzy critical path analysis for project network problem. Zielinski (2005) extended some results
for interval numbers to the fuzzy case for determining the possibility distributions describing
latest starting time for activities.

Chen (2007) proposed an approach based on the extension principle and linear programming
(LP) formulation to critical path analysis in networks with fuzzy activity durations. Chen and
Hsueh (2008) presented a simple approach to solve the CPM problems with fuzzy activity times
(being fuzzy numbers) on the basis of the linear programming formulation and the fuzzy number
ranking method that are more realistic than crisp ones. Yakhchali and Ghodsypour (2010)
introduced the problems of determining possible values of earliest and latest starting times of an
activity in networks with minimal time lags and imprecise durations that are represented by
means of interval or fuzzy numbers.

In this paper, a new method is proposed to find the fuzzy optimal solution of FFCP problems.
Also, a new representation of triangular fuzzy numbers is proposed. It is shown that it is better to
use the proposed representation instead of existing representations of triangular fuzzy numbers,
to find the fuzzy optimal solution of FFCP problems. To illustrate the proposed method and to
show the advantages of the proposed representation of triangular fuzzy numbers, a numerical
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example is solved by representing all the parameters as existing and proposed type of triangular
fuzzy numbers. The proposed method is very easy to understand and to apply for finding the
fuzzy optimal solution of FFCP problems occurring in real life situations.

This paper is organized as follows: In the Section 2, some basic definitions, existing
representation of triangular fuzzy numbers, arithmetic operations and ranking function are
reviewed. In the Section 3, linear programming formulation of crisp critical path (CCP) problems
is reviewed and also the linear programming formulation of FFCP problems is proposed. In the
Section 4, a new method is proposed to find the fuzzy optimal solution of FFCP problems. In the
Section 5, a new representation of triangular fuzzy number is proposed. Advantages of new
representation of triangular fuzzy numbers over existing representation of triangular fuzzy
numbers are discussed in the Section 6. To illustrate the proposed method, numerical example is
solved in the Section 7. Conclusions are discussed in the Section 8.

2. Preliminaries

In this section some basic definitions, existing representation of triangular fuzzy numbers,
arithmetic operations between triangular fuzzy numbers and ranking function are reviewed.

2.1. Basic definitions
In this section, some basic definitions are reviewed.

Definition 1. (Kaufmann and Gupta, 1985). The characteristic function x, of a crisp set Ac X
assigns a value either 0 or 1 to each member in X . This function can be generalized to a function
45 such that the value assigned to the element of the universal set X fall within a specified

range i.e., u;:X —[0,1]. The assigned value indicate the membership grade of the element in
the set A. The function u; is called the membership function and the set

A ={(x, 11z (x)); xe X} defined by s (x) for each x X is called a fuzzy set.

Definition 2. (Kaufmann and Gupta, 1985). A fuzzy set A, defined on the universal set of real
numbersR, is said to be a fuzzy number if its membership function has the following

characteristics:

(i) A isconvex ie., uz (2% +(1—2)x,)>minimum(z; (%), 4 (%,))¥ %, X, €R, ¥ 2 €[0,1].
(i) A isnormalie., 3 x, eR suchthat s (x,)=1.
(iii) z; (x) is piecewise continuous.

Definition 3. (Dubois and Prade, 1980) A fuzzy number A is called non-negative fuzzy number
if 4 (x)=0 Vx<0.
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2.2. Existing Representation of Triangular Fuzzy Numbers
In the literature, triangular fuzzy numbers are represented as follows:

2.2.1. (a, b,c) Representation of Triangular Fuzzy Numbers

Definition 4. (Kaufmann and Gupta, 1985). A fuzzy number A=(a,b,c) is said to a triangular
fuzzy number if its membership function is given by

0, for — o < x < a,
é a’ fora < x < b,
a
wi(X) = c—x
, forb < x < ¢,
c-b
0, forc € x < .

Definition 5. (Kaufmann and Gupta, 1985). A triangular fuzzy numberﬂz(a,b,c)is said to be
zero triangular fuzzy number iff a=0,b=0,c=0.

Definition 6. (Kaufmann and Gupta, 1985). A triangular fuzzy number A =(a,b,c) is said to be
non-negative triangular fuzzy number iff a>0.

Definition 7. (Kaufmann and Gupta, 1985). Two triangular fuzzy numbers ﬂz(al, b,,c,) and
B =(a,.b,,c,) are said to be equal i.e., A=B iff a, =a,, b =h,, c,=c,.
2.2.2. (m, a,ﬂ) Representation of Triangular Fuzzy Numbers

A triangular fuzzy number A:(a,b,c), described in the Section 2.2.1, may also be represented
as A=(m,a, ), where m=b,a=b-a>0, f=c—b>0.

Definition 8. (Dubois and Prade, 1980). A fuzzy numberf&:(m,a,ﬂ) is said to be a triangular
fuzzy number if its membership function is given by
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0, for—oo <X <m- ¢,
1-M=X form—a <x <m,
o

ui(X) = X —m
1- , form <x <m+ g,
0, form + f < X < oo,

where
a, >0

Definition 9. (Dubois and Prade, 1980). A triangular fuzzy number A=(m,a,£) is said to be
zero triangular fuzzy number iff m=0,2=0, #=0.

Definition 10. (Dubois and Prade, 1980). A triangular fuzzy number E:(m,a,ﬂ) is said to be
non-negative triangular fuzzy number iff m—a >0.

Definition 11. (Dubois and Prade, 1980). Two triangular fuzzy numbers ,&:(ml,al,ﬂl) and
B=(m, a, f3,) aresaidtobeequalie,A=B iff m =m, o, = a,, B, =,

2.3. Arithmetic Operations

In this section addition and multiplication operations between two triangular fuzzy numbers are
reviewed.

2.3.1. Arithmetic Operations between (a, b, c) Type Triangular Fuzzy Numbers
(Kaufmann and Gupta, 1985)

Let A =(a,b,c)and A =(a,,b,, c,) betwo triangular fuzzy numbers, then
(i) A®A=(a+a,b+b,c +c,), and

(i) A®A =(a,b,c), where a'=minimum (a,a,,ac, ca, cc,), b=bbh,, c=
maximum (a,a,, a,c,, ¢,a,, ¢,C,)

2.3.2. Arithmetic operations between (m, a,ﬂ) type triangular fuzzy numbers
(Dubois and Prade, 1980)

Let A =(m,a,fB)and A,=(m,,a, B,) betwo triangular fuzzy numbers, then
i) A®A=mMm+m,a+a,f+5)
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(i) A®A=(m",a", ) where m"=mm,, ¢ =m"— minimum(d),
S’ = maximum(d)-m" and
d=(mm, -mea, -m,a, + ¢,a,, mm, + M, S5, —m,cr, —
o f,, MM, — My, + M, B, = Bia,, MM, + M, B, + M, B, + B.3,)

2.4. Ranking Function

An efficient approach for comparing the fuzzy numbers is by the use of a ranking function (Liou
and Wang, 1992) R:F(R)—> R, where F(R) is a set of fuzzy numbers defined on set of real

numbers, which maps each fuzzy number into the real line, where a natural order exists.

a+2b+c

Let (a,b,c) be a triangular fuzzy number then R(a,b,c)= . Also, let (m,a, ) be a

-
7

triangular fuzzy number then R(m, ¢, f)=m+

3. LP Formulation of CCP and FFCP Problems

The CPM is a network-based method designed to assist in the planning, scheduling and control
of the project. Its objective is to construct the time scheduling for the project. Two basic results
provided by CPM are the total duration time needed to complete the project and the critical path.
One of the efficient approaches for finding the critical paths and total duration time of project
networks is LP. The LP formulation assumes that a unit flow enters the project network at the
start node and leaves at the finish node.

In this section the LP formulation of CCP problems is reviewed and also the LP formulation of

FFCP problems is proposed.

3.1. LP Formulation of CCP Problems (Taha, 2003)

Consider a project network G =(N, A) consisting of a finite set N ={1,2,..,n} of n nodes
(events) and A is the set of activities(i, j). Denote t; as the time period of activity (i, j). The LP
formulation of CCP problems is as follows:
Maximize

2t X

(i,i)eA

subject to
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i@y eA
DXy = DXy, i#=Lk#n,
i(i, j)eA ii(j,k)eA
D X =1,
i:(i,n) eA
X; is a non-negative real number Vv (i, j) € A,

where X; is the decision variable denoting the amount of flow in activity V (i, j)e A, t; is the

time duration of activity (i, j) and the constraints represent the conservation of flow at each
node.

3.2. Proposed LP Formulation of FFCP Problems

There are several real life problems in which a decision maker may be uncertain about the
precise values of activity time. Suppose time parameters t; and X;, V (i, )€ A are imprecise
and are represented by fuzzy numbers fj and X; V (i, j)eA respectively. Then the FFCP
problems may be formulated into the following fuzzy linear programming (FLP) problem:

Maximize
Z ﬁj ® iij
(i,1)eA
subject to

Y%, =1,

j:Lj) eA

Ziij = Zijk, izl k=n,

i:(i,j)eA ji(j,k)eA
> %, =1,
i:(i,n) eA

X; s a non-negative real number V (i, j) € A

Remark 3.1. In this paper, at all places ZZ“ ® E“. and z/l,j A; represents the fuzzy and
(i, )eA (. )eA
crisp addition respectively.
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3.3. Application of Ranking Function for Solving FFCP Problems

The fuzzy optimal solution of FLP problems of FFCP problems will be a fuzzy number Yij
which will satisfy the following characteristics:

Q) Zj IS a non-negative fuzzy number.

(i) Y%,=1, D% = DX, izLk=n DX, =1

i) eA (i, ) eA i K)eA i:(i,n) €A

(iii) If there exist any non-negative triangular fuzzy number iu such that

Zillj:i' ZZJ = ZYJ,( i#1 k=#n, Z)N(m:I

j:(4, ) €A ii(i,j)eA ji(i k)eA iz(i,n) eA

then

Remark 3.2. Let X; be a fuzzy optimal solution of FLP problem and there exist one or more

fuzzy numbers X; such that

(i) X; is a non-negative fuzzy number.

Gy >x,=1, D% = DX, izlkzn Y% =1,

J:(L ) €A (i, j)eA i k)eA i:(,n) €A
(i) R(%,) = R(x),

then ZJ is said to be an alternative fuzzy optimal solution of FFCP problem.

4. Proposed Method

To the best of our knowledge, there is no method in the literature to find the fuzzy optimal
solution of FFCP problems. In this section, a new method is proposed to find the fuzzy optimal
solution of FFCP problems. The steps of the proposed method are as follows:
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Step 1.
Represent all the parameters of FFCP problem by a particular type of triangular fuzzy number
and formulate the given problem, as proposed in the Section 3.2.

Step 2.
Convert the fuzzy objective function into the crisp objective function form by using appropriate
ranking formula.

Step 3.
Convert all the fuzzy constraints and restrictions into the crisp constraints and restrictions by
using the arithmetic operations.

Step 4.
Find the optimal solution of obtained crisp linear programming (CLP) problem by using software
(LINGO or LINDO etc.).

Step 5.
Find the fuzzy optimal solution using the crisp optimal solution obtained in Step 4.

Step 6.
Find the fuzzy critical path and the corresponding maximum total completion fuzzy time using
the fuzzy optimal solution obtained from Step 5.

4.1. Proposed Method with (a, b,c) Representation of Triangular Fuzzy Numbers

If all the parameters of FFCP problems are represented by (a,b,c) type triangular fuzzy numbers
then the steps of the proposed method are as follows:

Step 1.
Suppose all the parameters fj and X; are represented by (a b, c) type triangular fuzzy numbers

(tu, i IJ) and (x;, Yy, Z;) respectively then the LP formulation of FFCP problems, proposed in
the Section 3.2, may be written as:

Maximize

Z(t]’ ij? IJ)®(XIJ yl]’zlj)

(i,j)eA

subject to

> (% Yoy ) = (L),

L )eA

Z(Xij' Yij» Zij) = Z(Xjkv Yics ij), i=1, k=n,

(i, j)eA HO
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> (Kis Vinr Z) = (LLD),

ix(i,n)eA

(X;» ¥yi» Z;) 1s anon-negative triangular fuzzy number v (i, j) € A.

Step 2.
Using ranking formula, presented in the Section 2.4, the LP formulation of FFCP problems may
be written as:

Maximize

R[ Z (tij, t;j ' ti}) ® (Xij' Yii» Zij )]

(i.j)eA

subject to

Z(le' Yij» le) = (111,

L j)eA

Z(Xij' Yir Z;) = Z(Xjk’ Vi Zy) i 2L k=n,
(i, ) e A (i k) eA

Z(Xin’ yin’ Zin) = (l’ 11 1)1
i(i,meA

(X, Y5, Z;) is anon-negative triangular fuzzy number V (i, j) € A,

Step 3.
Using the arithmetic operations, described in the Section 2.3.1 and Definitions 6, 7, FLP
problem, obtained in Step 2, is converted into the following CLP problem:

Maximize

R[ z (tij, ti‘j ' ti}) ® (Xijl Yij» Zij )]

(i DeA
subject to
2% =L Dy =1 Yz;=1
@ T)eA FdeA @ TeA
DX o= D Xji#ELk#En,
(i, eA (i K eA
DV = DlYjei#ELk=n,
i, 1) e A i eA

DYz, = Dz,i#Lk=n,

(i, ) e A i K)eA



AAM: Intern. J., Vol. 05, Issue 2 (December 2010) [Previously, Vol. 05, Issue 10, pp. 1442 — 1466] 355

inn = l’ Zyin = 11 zzin = 11

i(i,meA (i, meA i (i, my e A
Vi —%; 20, z; —y; =0,
Xi» Vi 2; 20 V (i, j) e A

Step 4.
Find the optimal solution x;, y;, z; by solving the CLP problem, obtained in Step 3.

Step 5.
Find the fuzzy optimal solution X; by putting the values of x;, y; and z; in X; = (X, ¥y Z;)-

Step 6.

Find the maximum total completion fuzzy time by putting the values of X; in Z ’t”ij ® X; -
(i, j)e A

Step 7.

Find the fuzzy critical path by combining all the activities (i, j) such that Xx; = (1,1, 1).

4.2. Proposed Method with (m, a,ﬂ) Representation of Triangular Fuzzy Numbers

If all the parameters of FFCP problems are represented by (m,a, ,3) type triangular fuzzy
numbers then the steps of the proposed method are as follows:

Step 1.
Suppose all the parameters 'tTJ and x; are represented by (m,a,ﬁ’) type triangular fuzzy

numbers (ti'j,;/ij,@j) and (y;, o, B;) respectively then the LP formulation of FFCP problems,
proposed in the Section 3.2, may be written as:

Maximize

Z(tilj’7ij’§ij)®(yij1aij’ﬁij)

(i, D)eA
subject to

Z(ylj’alj’ﬂlj) = (10,0),

@ jeA

Z(yij'aij’ﬂij) = Z(yjk'ajkvﬂjk):i?fl'k?fn,
ir(i, j)eA (i k)eA

Z(yiniain’ﬂin) = (1! 0, O)v
ix(i,n)eA

(Y;» &, ;) is anon-negative triangular fuzzy number Vv (i, j) € A
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Step 2.
Using ranking formula, presented in the Section 2.4, the LP formulation of FFCP problems may
be written as:

Maximize

R[ Z(ti'j’}/ij’é‘ij)®(yij’aij’/6ij)]

(i,j)eA

subject to

Z(ylj ! alj ' ﬂlj) = (11 O, O),

B )eA
Z(yij’aij’ﬂij) = z(yjk'ajk’ﬂik)’iil’kin’
i:(i, j)eA i k) eA

Z(yin' Ui ﬁln) = (1! 01 0)’

ir(i,n)eA
(Y;» &, B;) is anon-negative triangular fuzzy number Vv (i, j) € A
Step 3.

Using the arithmetic operations, described in the Section 2.3.2 and Definitions 10, 11, the FLP
problem, obtained in Step 2, is converted into the following CLP problem:

Maximize

R[ Z(ti'j'7/ij'é}j)®(yij’aij’ﬁij)]

(i DeA
subject to

V=L Day=0 > ;=0

B heA B heA B heA
DV = D Yei#ELk#n,

(i, ) eA (K eA
dDay = Yy, izlken,

(i DeA (k) eA
DB = D Bjilk=n,

ii(i DeA (k) eA
Zain = 0’ Zﬁm = O’

ii(i,n)eA ii(i,neA

Yii — & 20,

Vir @y, By 20 V (i, j)e A
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Step 4.
Find the optimal solution y;, &, B; by solving the CLP problem, obtained in Step 3.

Step 5.
Find the fuzzy optimal solution y; by putting the values of y;,e; and g, in y; =

(Vi @0 By)-

Step 6.

Find the maximum total completion fuzzy time by putting the values of y; in Y & ® ¥,.
(i, j)e A

Step 7.

Find the fuzzy critical path by combining all the activities (i, j) such that y; = (1, 0, 0).

5. JMD Representation of Triangular Fuzzy Numbers

In this section, a new representation of triangular fuzzy numbers, named as JMD representation
of triangular fuzzy numbers, is proposed. It is shown that if all the parameters are represented by
JMD representation instead of existing representation of triangular fuzzy numbers, and proposed
method is applied to find the fuzzy optimal solution of FFCP problems then the fuzzy optimal
solution is same but the total number of constraints, in converted CLP problem, is less than the
number of constraints, obtained by using the existing representation of triangular fuzzy numbers.

Definition 12. Let (a,b,c) be a triangular fuzzy number then its JMD representation is
(X, a, ) o » Where x=a,a=b—-a>0and f=c-b>0.

Definition 13. Let (m,a,s) be a triangular fuzzy number then its JMD representation is
(X, &, B) jup » Where x=m-a.

Definition 14. A triangular fuzzy number,&:(x,a,ﬂ)JMD is said to be zero triangular fuzzy
number iff x=0,a=0, =0.

Definition 15. A triangular fuzzy numberi\:(x,a,ﬂ)JMD is said to be non-negative triangular
fuzzy number iff x>0.

Definition16.Two triangular fuzzy numbers A = (X, &y, B1) up @nd B = (X,, &y, ) up are said to
be equal i.e., A=B iff X, =X, =0y, B =,
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5.1. Arithmetic Operations between JMD Type Triangular Fuzzy Numbers

Let (a,b;,c,),(a,,b,,c,)be two triangular fuzzy numbers and (X, &, £,) swns (X5, &,y 55) o D€

their JMD representation then the addition and multiplication operations, presented in the
Section 2.3.1, are converted into the following arithmetic operations:

() Z&@ '&2 =%+ X+, B+ Bo) o

(i) A®A, =(X, 5 B) o Where X, = minimum (d,), a,=d, - X,
Sy = maximum(d,) —d,, d, =(XX,, X,X, + X,&, + X, F,, X, X, + X, + X, B}, X X, +
X0, + X, + Xott, + oy, + oy By + X B+ 0L, B+ BiB,), Ay = XX, + X, + Xy
+ a0,

5.2. Ranking Formula for JMD Triangular Fuzzy Numbers

The ranking formula, presented in the Section 2.4, is converted into the following ranking
formula:

4(X)+3(x)+ S

Let (X, &, B),p be atriangular fuzzy number then R(X, &, ) o = 1

5.3. Proposed Method with (x, e, f),,, Representation of Triangular Fuzzy Numbers

If all the parameters of FFCP problems are represented by (x, «, f),upo type triangular fuzzy
numbers then the steps of the proposed method are as follows:

Step 1.
Suppose all the parameters fJ and X, are represented by triangular fuzzy numbers

(s 74 ) awp AN (X, &, By)wp  TeSpectively then the LP formulation of FFCP problems,
proposed in the Section 3.2, may be written as:

Maximize

Z (tij » Vi é}j)JMD ® (Xij 1 Qs ﬂij)JMD

(i, ))eA

subject to
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Z(le s Bii)awo = (L0,0) o,

@ j)eA

Z(Xij'aij’ﬂij)JMD = Z(Xjk’ajk’ﬁjk)JMD’i;él'k;én’
ir(i, j)e A i(i k) eA

Z(Xin’ain'ﬂin)JMD = (1,0,0) yp, and
ix(i,n)eA

(%> @i Bi) o 1S @ non-negative triangular fuzzy number Vv (i, j) € A

Step 2.
Using ranking formula, presented in the Section 5.2, the LP formulation of FFCP problems may
be written as:

Maximize

| Z(tij Vi Oi) oo ® (i s B) o]

(i.))eA

subject to

Z(le s Bii)awo = (L0,0) o,

J@j)eA

Z(Xij'aij’ﬂij)JMD = Z(Xjk’ajkngk)JMD’iil'kin’
i:(i, j)eA i k)eA

Z(Ximain'ﬂin)JMD = (4,0,0),yp, and
i(i,n)eA

(%> @ Bi) o 1S @ non-negative triangular fuzzy number Vv (i, j) € A
Step 3.

Using the arithmetic operations, described in the Section 5.1 and Definitions 15, 16, FLP
problem, obtained in Step 2, is converted into the following CLP problem:

Maximize

R[ Z(tij Vi 95 ) avp @ (% iy B) o]

(i,i)eA
subject to
2X%i=1 D=0 > B;=0
i@ i)eA i@ i)eA i@ i)eA

DX = DX izELk=n,

(i, j)eA i k) eA

Z“ij = Zajk, izl k=#n,

(i, j)e A i K)eA
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Y By = D B.i#lk#n,

i:(i, j)eA ji(j,k)eA
inn = 1’ Zain = 07 Zﬁln = 07
i:(i,n)eA i:(i,n)eA i:(i,n)eA

X”aa”l,B”ZO V(i, j)EA

Step 4.
Find the optimal solution Xx;, a;;, f; by solving the CLP problem, obtained in Step 3.

Step 5.
Find the fuzzy optimal solution iij by putting the values of x;,a; and g; in X =

ij? ]
(Xij Xy ﬂij)JMD'

Step 6.

Find the maximum total completion fuzzy time by putting the values of X; in D ®K.
(i, j)e A

Step 7.

Find the fuzzy critical path by combining all the activities (i, j) suchthat x; = (1, 0, 0).

Remark 5.1. The proposed JMD representation of triangular fuzzy number may be called as
“JAI MATA DI” or “JAI MEHAR DI”. Mehar is a lovely daughter of Parmpreet Kaur.

6. Advantages of JMD Representation over the EXxisting Representation of
Triangular Fuzzy Numbers

In this section, it is shown that it is better to use the JMD representation of triangular fuzzy
numbers, instead of existing representation of triangular fuzzy numbers, for finding the fuzzy
optimal solution of FFCP problems.

It is obvious from the Section 4.1, 4.2 and 5.3 that

(1) If all the parameters of FFCP problems are represented by (a,b,c) type triangular fuzzy
numbers and FLP problem is converted into the corresponding CLP problem by using the
proposed method, presented in the Section 4.1, then number of constraints in CLP problem
=3 x number of constraints in FLP problem + 2 x number of fuzzy variables.

(i)  If all the parameters of FFCP problems are represented by (m,a,ﬂ) type triangular fuzzy
numbers and FLP problem is converted into the corresponding CLP problem by using the
proposed method then number of constraints in CLP problem = 3 x number of constraints
in FLP problem + 1 x number of fuzzy variables.
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(iif) If all the parameters of FFCP problems are represented by (X, «, f),p type triangular
fuzzy numbers and FLP problem is converted into the corresponding CLP problem by

using the proposed method then number of constraints in CLP problem = 3 x number of
constraints in FLP problem.

On the basis of above results it can be concluded that if all the parameters are represented by
existing type triangular fuzzy numbers then total number of constraints, in the obtained CLP
problem, will be more than as compared to number of constraints in CLP problem, obtained by
representing all the parameters as JMD type triangular fuzzy numbers. So it is better to use JMD
representation of triangular fuzzy numbers for finding the fuzzy optimal solution of FFCP
problems as compared to the existing representation of triangular fuzzy numbers.

7. Numerical Example

To show the advantages of JMD representation over existing representation of fuzzy numbers,
the same numerical example is solved by using all three representations of fuzzy numbers. The
problem is to find the fuzzy critical path and maximum total completion fuzzy time of the project
network, shown in Figure 1, in which the fuzzy time duration of each activity is represented by
the following (a,b,c) type triangular fuzzy numbers

t,=(3,4,5), t,=(28,3,32), t,=(4,5,6), t,=(18,2,2.2)

(182,22

©

4,5, 6)

© e
(3,4,5)

Figure 1. Project network with fuzzy time duration of each activity as (a, b, C) type
triangular fuzzy numbers

(2.8,3,3.2)

7.1. Fuzzy Optimal Solution Using (a, b,c) Representation of Triangular Fuzzy Numbers

Step 1.
Using the Section 4.1, the given problem may be formulated as follows:
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Maximize ((3,4,5) ® (X, Y1, Z;,) ©(2.8,3,3.2) ® (X3, Vp3: Z53) © (4,5,6) ®
(X24' y24' Z24) @ (181 21 22) ® (X347 y34’ 234))

SUbjeCt tO (X12’ ylZ’ 212) = (1!1! 1)’ (X23’ y23’ Z23) @ (X24’ y24’ Z24) = (XlZ’ y12’ 212)’

(X34’ y34’ Z34) = (X23’ y23’ 223)! (X24’ y24’ Z24) @ (X34’ y34’ Z34) = (1! 1! 1)

(XlZ’ Yio) 212), (Xzs’ Yas 223)’ (X24’ Your 224), (X34’ Yaar Z34) are non-negative triangular fuzzy
numbers.

Step 2.
Using ranking formula the FLP problem, formulated in Step 1, may be written as

Maximize R[(3,4,5) ® (X, Yi», Z15) @ (2.8,3,3.2) ® (Xp3, Vps: Z,3) @ (4,5,6) ®
(Xaas Your Z54) D (1.8,2,2.2) ® (X34, Yas» Zas )]

SUbjeCt to (X12’ Yi2s 212) = (171: 1)' (X23’ Yos: Zzs) ® (X24’ Yous Z24) = (XlZ’ Y12 212)7
(X34' Yaa Z34) = (ng. Yos: 223)1 (X24’ Your 224) @ (X34’ Yaa Z34) = (1' 1, 1)

(XlZ’ y12’ 212)' (XZS’ y23’ 223)! (X24’ y24' 224)1 (X34’ y34’ Z34) are non-negative
triangular fuzzy numbers.

Step 3.
Using the arithmetic operations, described in the Section 2.3.1, the FLP problem, obtained in
Step 2, is converted into the following CLP problem:

Maximize (0.75x, + 2y,, +1.252, + 0.7X,; + 1.5y,; + 0.82,, + X,, + 2.5Yy,, +
15z, + 045x,, + vy, + 0552,)

subjectto X, =1 Y, =1 2, =1 Xp3 + Xop = Xip Vos + Vou = Vior Zog + Zpy = Loy,
Xos = Xaus Yoz = Yaur Zog = Zaas Xoq + X =1 Yoy + V=12 + 25 =1,
Yio =X 2 0, Z, — Yo >0, Yoz = Xp5 2 0, Zy3 = Ya3 >0, You = X4 20,
Zys = You 20, Yas = X3 20, L3 = Y3 20,

Xi20 Yior Zizy Xoas Your Zogs Xour Your Zoas Xags Yaus Zag 2 0.

Step 4.
On solving CLP problem, obtained in Step 3, an optimal solution is

Xig = X3 =Xy =Y. =Y = Yau = L, =235 1 =1 and Xos =Yos =124 = 0.

In this problem an alternative optimal solution is also obtained and that alternative optimal
solution is X, =Xy, = Y1, = Yo =2 =Zpy =1 ANAd Xy = Y3y =235 = X3 = Y3 = Z3=0.
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Step 5.
Putting the values of x;,y; and z; in X; = (X;,Y;.Z;), the fuzzy optimal solution is X, = (1,

1,1), X, =(1,1,1), x,=(1, 1, 1), X,, =(0, 0, 0) and the alternative fuzzy optimal solution is
X, =(1,1,1), X, =(0,0,0), X3, =(0,0,0), X,, = (1,1, 1).

Step 6.
Using the fuzzy optimal solution, the fuzzy critical path is 1—»2 —3— 4.

Putting the values of x;,y; and z;in (3, 4, 5)® (X, Yips Z3,) D (2.8, 3, 3.2) ® (X3, Vo3, Z3)

@ (4, 5,6) ®(Xpyr Your Zps) @ (1.8,2, 2.2) ® (X5, Vau Z5,), the maximum total completion
fuzzy time is (7.6, 9, 10.4).

Using the alternative fuzzy optimal solution, the fuzzy critical path is 1—>2—>4 and the
maximum total completion fuzzy time is (7, 9, 11).

Hence, in this problem, the fuzzy critical paths arel—>2—>3—>4 and 1->2—>4 and the
corresponding maximum total completion fuzzy time are (7.6, 9, 10.4) and (7, 9, 11)
respectively.

7.2. Fuzzy Optimal Solution Using(m, a,ﬁ) Representation of Triangular Fuzzy Numbers

Using the Section 2.2.2, the (m,a, ) representation of 1, = (3,4,5), t,=(2.8,3,3.2), t,,=
(4,5,6), t,=(1.8,2,22)are t,=(4,1,1), t,=(3,.2,.2, t,=(5,1,1), t,= (2 .2,.2
respectively. The network, shown in Figure 1, with (m,a,ﬂ) representation of fuzzy time
duration of each activity is shown in Figure 2.

2, .2, .2)

(5,1,1)

®
4,1,1)

Figure 2. Project network with fuzzy time duration of each activity as (m,a,ﬂ) type triangular fuzzy
numbers

) A
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Step 1.
Using the Section 4.2, the given problem may be formulated as follows:

Maximize ((4,11) ® (Yi,, o1y, Bi2) D (3,.2,.2) @ (Yp3, 2y fr3) ©(5,1,1) ®
(Yaur Qs o) @ (2,.2,.2) ® (Yay, Aasr Bas) )

subject to (Y,,, a1y, B1,) =(1,0,0), (Yas, @azr Bog) @ (Yaus Aags Brs) = (Yizs a5 Bra),s
(Yaar @aas Bas) = (Yazs %azs Bas)s (Yaus Qaas Poa) © (Yag, @y B3s) =(1,0,0)

(Y2 @z Br)s (Yazs @azy Baz)s (Yaur @oas Bas)s (Yaas @aqy Pay) @re non-negative
triangular fuzzy numbers.

Step 2.
Using ranking formula the FLP problem, formulated in Step 1, may be written as

Maximize R[(4,1,1) ® (Y., a1, B,) D (3,.2,.2) @ (Yo3, sy fr5) D (5,1,1) ®
(Yaar Qg Boa) ©(2,.2,.2) B (Vay, 3y, Pa)]

subject to (Yy,, @1y, B12) =(1,0,0), (Yag, @og: Bog) © (Yaus Xoss Bos) = (Yaas %z, Bra),
(Yaa @ags Baa) = (Yazs @ags Boz)s (Yaur Aoy Boa) © (Yags Ay Pog) = (1,0, 0)

(Y20 @z Bio)s (Yazs @z Bag)y (Yaur @oss Bos)s (Yass Oagy Bay) @r€ NON-negative
triangular fuzzy numbers.

Step 3.

Using the arithmetic operations, described in the Section 2.3.2, the FLP problem, obtained in

Step 2, is converted into the following CLP problem:

Maximize (4y,, —0.75¢,, +1.254,, + 3Y,; —0.7a,, + 0.8 B,; + 2Y,, — 0.45cx,, + 0.555,,

+5Y,, =y +1.58,,)
subject to

Yo =1 @, =0, B, =0, Vo3 + Yoy = V1p, Qs + oy =1y, Bog + Bos = Pro
Vo3 = Yagr Oz =Cayr Pz = Pass You + Yas =1 @y + 3, =0, By + By =0,
Yio =5 20, Yo3 =3 20, Y, — 0y 20, Y3 — a5, 20,

Y121 Cugs Bras Yozs Oazy Bags Your Aogs Boas Yaur Aaas Pay 20,

Step 4.

On solving CLP problem, obtained in Step 3, an optimal solution is y,, =Y,; =Y, =1

Vou = Ay = Qpy = oy = gy = Py = Py = Pos = P2 =0.

and
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In this problem an alternative optimal solution is also obtained and the alternative optimal
solution is Y, = Y, =1 and Y5 = Yoy =ty = Uy = @y = U3y = By = Bz = Pos = Py =0.

Step 5.

Putting the values of y;, ey and B, in y; = (y;, ey, ;). the fuzzy optimal solution is y,, =
(1,0,0), ¥, =(1,0,0), ¥,,=(1,0,0), ¥,, =(0, 0, 0) and the alternative fuzzy optimal solution
is ylz = (l, 0, 0), yza = (0, 0, 0), y34 = (O’ 0, O), 924 = (11 0, 0)-

Step 6.
Using the fuzzy optimal solution, the fuzzy critical pathis 1—»2 —>3— 4.

Putting the values of (y;,a;, 5B;) In (4,1,1) ®(Yy,, ary, fy) @ (3,.2,.2) ® (Yo3, Ays,
LFo3) D(5,1,1) ® (Yo, Aoys Bos) @ (2,.2,.2) ®(Yay, Aay, Fay) , the maximum total completion fuzzy
timeis (9, 1.4, 1.4).

Using the alternative fuzzy optimal solution, the fuzzy critical path is 1—>2—>4 and the
maximum total completion fuzzy time is (9, 2, 2).

Hence, in this problem, the fuzzy critical paths are 1->2—->3—>4 and 1-2—>4 and the
corresponding maximum total completion fuzzy time are (9, 1.4, 1.4) and (9, 2, 2) respectively.

7.3. Fuzzy Optimal Solution Using JMD Representation of Triangular Fuzzy Numbers

Using Definition 12, the (x, &, ), representation of t,= (3,4,5), t,= (2.8,3,3.2), t, =
(4,5,6), t,= (18,222 are t,=(311) 0, t:=28,2,.2) 0, by = (41,1) 5,

t, =(1.8,.2,.2),,o, respectively. The network, shown in Figure 1 with IMD representation of
fuzzy time duration of each activity is shown in Figure 3.

(18,:2,.2) o

(2:8,:2,.2) 1o

® =
B o

Figure 3. Project network with fuzzy time duration of each activity as (X, &, ) ;up type triangular fuzzy
numbers



366 Amit Kumar and Parmpreet Kaur

Step 1.
Using the Section 5.3, the given problem may be formulated as follows:

Maximize ((3,1,1) o ® (X, @1y, Bry) o @ (2.8,.2,.2) 3up @ (Xos, Aas1 Boz) sup @
(4,1,1) 30 ® (Xa4, Aoy Bog) o @ (1.8,.2,.2) jyp ® (Xay, ey Bas) up )

subject to
(X0 @12, Bi2) o = (1,0, 0) 55,
(Xas @23, Boz) o @ (Xoas Xy Boa) o = (Kazs A1z Bio) o
(Xags @aqy Baa) o = (Xazs Xz Bos) o
(Xaas @41 Bos) o © (Xaas @gs Bas) o = (1,0, 0) jp

(Xi2+ @125 Bi2) wp s (Xazs Xazs Bos) s s Xoar Xaas Boa) swp s (Xaas Xags Bas) jup are
non-negative triangular fuzzy numbers.

Step 2.
Using ranking formula the FLP problem, formulated in Step 1, may be written as

Maximize R[(3,1,1) jup ® (X125 @35 Bi2) o @ (2.8,.2,.2) jup ® (Xa3, Xizs Boz) o @
(4,1,1) 3yp ® (X4 os Bos) o @ (1.8,.2,.2) 35 ® (Xg4s Asys Bas) wn]

subject to
(X0 1z, Bi2) o = (1,0, 0) 55,
(Xas @23, Boz) o @ (Xoas @y Boa) o = (Xazs @iz Bio) i
(Xags @aqy Baa) o = (Xazs Xy Bos) o
(Xaas @4y Bos) o © (Xaas @gs Bas) o = (1,0, 0) jp

(X125 @125 Bi2) vp s (Xazs Xazs Bos) s s Xoar Xaas Boa) swp s (Xaas Xags Bas) up are
non-negative triangular fuzzy numbers.

Step 3.
Using the arithmetic operations, described in the Section 5.1, the FLP problem, obtained in Step
2, is converted into the following CLP problem:

Maximize (4x,, + 3.25a,, +1.250,, + 3X,3 + 2.3 3 + 0.8 5,; + 2X,, +1.55¢,, + 0.555,,
+5X%,, +4a,, +1.504,,)

subject to
Xp,=1 a,=0, B,=0, X5+ Xy =X, Qo3+ Ay =y, Pz + Py = P2
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X3 =Xagy Qg3 =Qayy Poz = Pass Xou + X =1y + 3, =0, B, + B3, =0,
Xigs Qg Pros Xogs Uozy Bogs Xous Cogs Pogs Xagr Aags By 2 0.

Step 4.
On solving CLP problem, obtained in Step 3, an optimal solution is X, =X,; =X, =1 and

Xogy = Oy = Olpy = Uy = gy = By = By = Pos = Pas = 0.

In this problem an alternative optimal solution is also obtained and the alternative optimal
solution is X;, =X, =1 and Xy, =Xgy =y = Q3 = Apy = 3y = Py = Po3 = Pos = Py =0.

Step 5.

Putting the values of x;,a; and g in Yij =(X;, @ By)mp» the fuzzy optimal solution is
X =(1,0,0) 30 s X3 =L 0,0) 5+ Xz =@ 0,0) 00, X5, =(0,0,0),,, and the alternative fuzzy
optimal solution is X, =(1,0,0) 5 » X,3=(0,0,0) 5+ X3, =(0,0,0) 15, X5s =(L 0,0) 15

Step 6.
Using the fuzzy optimal solution, the fuzzy critical pathis 1—»2 —3— 4.

Putting the values of (x;, a;, Bj) o IN (3,11 jup ® (X5 @1y, Bir) sup @ (2.8,.2,.2)

® (X3, Agr Boz) wp @ (4, 1,1) jup ® (Xoss Xogs Boa) swp @ (1.8,.2,.2) jyp @ (Xgys Aoy, Boy) o @nd the
maximum total completion fuzzy time is (7.6,1.4,1.4) o

Using the alternative fuzzy optimal solution, the fuzzy critical path is 1—>2—>4 and the
maximum total completion fuzzy time is (7, 2, 2) y5-

Hence, in this problem, the fuzzy critical paths arel—>2—>3—>4 and 1->2—>4 and the
corresponding maximum total completion fuzzy time are (7.6,1.4,1.4),,,c and (7,2,2) o,

respectively.

7.4. Results and Discussion

The results of the numerical example, obtained from the Section 7.1, 7.2 and 7.3, are shown in
Table 1. On the basis of these results it can be easily seen that if all the parameters are
represented by JMD representation of triangular fuzzy numbers, instead of existing
representation of triangular fuzzy numbers, and the proposed method is applied to find the fuzzy
optimal solution of FFCP problems then the fuzzy optimal solution is the same but with fewer
constraints, in converted CLP problem, than those, obtained using the existing representation of
triangular fuzzy numbers. Hence, it is better to use JMD representation instead of existing
representation of triangular fuzzy numbers to find the fuzzy optimal solution of FFCP problems.
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Table 1. Results using existing and proposed representation of triangular fuzzy numbers

Type of Number of Number of Fuzzy critical | Maximum
triangular constraints constraints in path total
fuzzy in FLP problem | CLP problem completion
numbers fuzzy time
(3x8)+(2x4) | 152534 |(7.6,9,10.4)
(a,b,c) 8 —24+8 and and
=32 1524 (7,9, 11)
(Bx8)+(1x4) | 152534 ((9,14,1.4)
(m,a,B) 8 =24+ 4 and and
=28 15254 9,2,2)
152534 | (7.6,1.4,1.4)
X, a, ﬂ)JMD 8 (3x8) =24 and and
15254
e (7.2,2) o

8. Conclusions

A new method is proposed to find the fuzzy optimal solution of fully fuzzy critical path
problems. Also a new representation of triangular fuzzy numbers is proposed and it is shown that
it is better to use the proposed representation of triangular fuzzy numbers instead of existing
representations, to find the fuzzy optimal solution of fully fuzzy critical path problems.
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