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Critical Path Method (CPM) technique has become elyidrecognized as valuable tool for the
planning and scheduling large construction projedthe aim of this paper is to present an analytical
method for finding the Critical Path in the precede network diagram where the duration of each
activity is represented by a trapezoidal fuzzy neimbhis Fuzzy Critical Path Method (FCPM) uses a
defuzzification formula for trapezoidal fuzzy numaed applies it on the total float (slack time) fo
each activity in the fuzzy precedence networkna fhe critical path. The method presented in this
paper is very effective in determining the critieativities and finding the critical paths.
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1. INTRODUCTION pattern complexity which can greatly affect timene

The Critical Path Method (CPM) is a vital tool forded for proper placing, tying and control. Becaote
the planning and control of complex projects. Thihat, patterns consisting of 12316 and 3932 bars, r
successful implementation of CPM requires the avaPectively, have exactly the same total amountef s
ilability of a clearly defined duration for eachtimty. € @nd consequently the same theoretical number of
However, in practical situations there are manyesasman-hours needed for placing and fixing, although i

where the activity duration can not be presented iniS ©PVious that such result would not be realisis,
precise manner. was proven in studies [2—4]. Besides that, Provaths

, , al. [5] have proven that productivity rates camig
For construction projects, on account of long dUc'antIy wary from country to country.
ration of the construction and risks that accompany

this process, it is often very difficult or almagt- X . : e
possible to accurately predict the duration of an aunrellable dynamic plan for a given constructioajpr
tivity, and consequently to take it for grantedt tthee ect.

given activity will be finished on the very sameyda  Deterministic version of CPM, known in practice
that is given in the dynamic plan of construction. for decades, is characterized by the fact thatdthe

. . , ) . ration of any activity in the network diagram isokn
__In engineering practice, durations of different acy and expressed deterministically (by exactly one
tivities are usually tgken erm productivities afer number). However, it would be more realistic to éav
man-hours calculation, which are often too generalihe qyration of any construction activity and derell

zed and sometimes obviously not accurate. For exg; its accomplishment in the dynamic plan of con-

mple, productivity rates for man-hours calculation  gyyction expressed as an interval of a few dayera
in-situ reinforcement fixing are based only on totan4n one specific day (date).

amount of the reinforcing steel [1], regardlesshef

All the above mentioned problems can lead to an

The first solution of this problem has emerged in
the form of PERT (Program Evaluation and Review
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A possible solution of this problem would be ta2.1 Algebraic operations with fuzzy numbers
use the fuzzy logic to create dynamic construction |n order to carry out necessary steps in creating
plans. Implementation of fuzzy logic and fuzzy setand analysis of the network diagram, one has tavkno
would offer a new alternative — the development Qflementary algebraic operations with fuzzy numbers.
the Fuzzy Critical Path Method (FCPM) for the ana- A yqition of fuzzy numbers is conducted as fo-
lysis of time in the network diagram considering un;q,.s 8]:
certain duration of construction activities. In thther
words, it would apply the fuzzy theory instead lod t FN +FN, =(ayg,by,¢p,0h) + (82,02, G2, 0) = @)
probability theory. =(ay +ay,b, +by,,+¢; +C,,d; +0d,)
In the literature there are many works that dea\a/\llhile the subtraction is conducted as [8];
with the definition of fuzzy critical paths in ataerk '
diagram [6, 7]. The basic assumption is that the FN; —FN, =(a4,b;,¢;,d1) —(ay,b,,c5,d5) 3
?uratlon of any given activity can be expressecaby =(a, —dy,b; —C,,Cy —by,dy — &)
uzzy number, which requires knowledge of the rele-
vant algebraic operations with fuzzy numbers, rar2.2 Defuzzification
king of fuzzy numbers and defuzzyfication. Comparison of fuzzy numbers is not always easy,
This paper presents an analytical method for firespecially if they are partly overlapping each othe
ding the critical path in the fuzzy precedence ekw To make it possible, it is necessary to conduct de-
diagram, which applies the method of defuzzifiagtinfuzzification, i.e. to translate them into real rhers.

total float (slack time) of every activity in thetwork In the literature one can find more than forty di-
diagram. fferent methods for comparison and ranking fuzzy nu

mbers. In this study, the following formula was dise
2. FUZZY NUMBERS for defuzzification of a given fuzzy number FN fa,

In this study, duration of a given activity (markedt, d) and translating it into real number [9]:

with DUR) is represented by a trapezoidal fuzzy nu- 2 2 2.2
mber fi; = (g;, by, G;, d;,), as shown in Figure 1. p={¢C*d” +cd) ~(a” +b7+ab) (4)
ux) J(c+d)-(b+a)]

This defuzzification formula can not be applied to
the trapezoidal fuzzy number with equal elements be
cause that would be a crisp number [8].

3. CPM IN FUZZY NETWORK DIAGRAMS

CPM is an analysis technique with three main pu-
rposes:
» To calculate the project finish date;
e To identify to what extent each activity in the
schedule can slip (float) without delaying the
project;
To identify the activities with the highest rislg.i
the ones that cannot slip without changing project

Figure 1 - Graphical presentation of a trapezoidial
zzy number
Fuzzy number ft= (g, by, g, d;,) is a trapezo- *
idal fuzzy number if its membership function can be

expressed by the following equation: finish date.
The process of defining fuzzy critical path (FC-
X—-a, a< x< PM) is the same as in the deterministic criticathpa
-a’ o method (CPM), but with using fuzzy numbers and the
H(X) =|1; b< x< ¢ relevant algebraic operations [7].
d-x Precedence diagramming places the activities on
——/ csxsd the nodes and uses arrows between the nodes to show
¢ (1) the sequence between each activity. Such node is

The formulation of fuzzy numbers that wouldr€Presented by a square, normally divided into 7-9
define the durations of construction activities ¢mn POXes. Each box contains information such as agtivi
achieved by the expert methods, or by asking fof@me, Its duration (DUR), early start and finisis(E

experienced professionals (experts) for the duratio EF). late start and finish (LS, LF) and floats likee
activities. float and total float (TF) [4]. Since there are sta-
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ndards for organization of these boxes, an adequadeto determine the earliest moment in which the ac
legend has to be provided with a precedence diagrdivities can finish or start without impacting tbge-
to show a meaning of each box, as shown in Figure gall project.

ES | DUR | LS The procedure starts with the first activity in the
schedule and placing the project start date iretirly

ACTIVITY NAME start time box (ES) of milestone activity “Stanthe-

EF | 1 | LF re the term “milestone activitylenotes activity with

zero duration that typically represents a significa
Figure 2 - The legend of activities in a precedencevent, usually the beginning and/or the end of the
network diagram project.

Application of the fuzzy critical path method will Many projects are scheduled according to work
be illustrated by the example presented in Figure 3 days and therefore, if the weather impact is naszo
dered or if it is not otherwise instructed, a pobj@may
be assumed to start on a day zero.

Consequently, the early start time of the activity
“Start” is ESwan= (0, 0, 0, 0).

If we denote the duration of any activity as DUR,
its early finish time (EF) can be calculated as:

i . EF =ES+DUR (5)
Figure 3 - Precedence network diagram numbers - o -~
Durations for given activities were obtained from Early finish time (EF) of the activity “Start” will
four different sources (experts) and their values a e
presented in Table 1. Ear=EStarrt DURa= 0000+ 0000 (6)
Table 1. Activities’ durations obtained by experts The early finish time of any given activity beco-
Expert mes the early start time of its subsequent adiviti
Activity | Expl Exp2 Exp3 Exp4 (Figure 4).
A 4 6 6 8 fpEs [our | Ls
B 9 6 12 10 P ACTIVITY NAME
Es [DUR [ is” eF [T ] W
c 2 4 ° ACTIVITYKAME
D 3 5 6 7 FfE ] ™S =
E ! 6 9 ACTIVITY NAME
F 9 6 12 6 EF | TF | F
Therefore, their fuzzy annotations are as followsrigure 4 - Correlation between early finish and lgar
A4, 6, 6, 8), B(6, 9, 10, 12), C(2, 4, 5, 7), DB3.6, start of the subsequent activities

7), E(1, 3,6,9)and F(6, 9, 9, 12).

Activities Start and End are so-called milestonge:
activities, which means that they just represeamtisi
ficant events so they have no duration, i.e. thaio- ES=E$ =ES =EkKtar=0000) @)
es are Start (0, 0, 0, 0) and End (0, 0, 0, 0).

Therefore, for example presented in Fig. 2, it will

For activities with multiple priorghe ES for any
activity is the greatest (i.e. the latest) EF of al
4. CRITICAL PATH ANALYSIS preceding activities, based upon network logic (Fig

CPM uses activity durations and relationships bé&).

tween activities to calculate schedule dates. This Es [DUR] Ls

Iculation is done in three passes through the itiegv ACTIVITY NAME

in a given project ’°|TF|LFV18 S

+ forward pass calculation; TAcTvITY nAvE

« backward pass calculation; = TowR] 5 i I

+ total float. ACTIVITY NAME i

4.1 Forward pass . ""T'T'F"T"L“F“_' """"" ' '
The forward pass is the first part of the CPM cdFigure 5 - Early start in case of multiple preceglin

Iculation procedure. The purpose of the forwardspas activities
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In example presented in Fig.3, activity F has two
preceding activities (E and B) so it will be:

ES(F) = max[EF (B); EF(E)] =

= max[(ES(B) + DUR(B)); (ES(E) + DUR(E))| =

= max[((0,0,0,0) + (6,9,10,12))((4.6.6.8) + (1,36,9))| =

= max[(6,9,10,12);(5,9,12,17)]

In order to determin which of the obtained value
is greater, it is necessary to apply the defuzifn
formula (4) to calculate real values of given fuzzy
numbers.

According to (4), fuzzy numbers (6, 9, 10, 12)

ES | DUR| LS

END
EF | TF | LF
LN

Figure 6 - Early and late finish of the last actyi

Once the last activity's late finish time has been

set, one can calculate the activity’s late stanet{LS)
By subtracting the activity duration (DUR) from the
late finish time:

LS=LF-DUR (8)
The late start time of any given activity becomes

and (5, 9, 12, 17) can be translated into real umb the late finish time for its preceding activity or

as follows:
(10% +12% +10012) - (62 + 92 + 6 [9)
J(10+12) - (9 +6)]

D(6,9,10,12) =

D(6,9,10,12) =9.19

D(5.91217) = 122 +17% +12017) = (5% + 9% + 5 19)
12+7)-(9+5)]

D(5,9,1217) =10.8
Since 10.8 is greater than 9.19, the number (5, 9,

activities (Fig. 7).

es [Dur]| Ls
ACTIVITY NAME
eF [ TF|LF

18 | DUR | LS
ACTIVITY NAME
er | TP | LF

Es [DWR] Ls
ACTIVITY NAME
eF | TF | LF

12, 17) is greater than (6, 9,10,12) and therefogggyre 7 - Correlation between late start and late

ES(F) = (5,9, 12, 17).
All calculated values of ES and EF for activities

given in a network diagram in Fig. 3 are preserited
Tab 2.

Table 2. The values of ES and EF for activitiesain
network diagram in Fig. 3

Activity | ES DUR EF

START | (0,0,0,0) (0,0,0,0) (0,0,0,0)

A (0,0,0,0) (4,6,6,8) (4,6,6,8)

B (0,0,0,0) (6,9,10,12) (6,9,10,12)

C (0,0,0,0) (2,4,5,7) (2,4,5,7)

D (4,6,6,8) (3,5,6,7) (7,11,12,15

E (4,6,6,8) (1,3,6,9) (5,9,12,17)

F (5,9,12,17) (6,9,9,12)| (11,18,21,29)
END (11,18,21,29) (0,0,0,0) (11,18,21,29)

4.2 Backward Pass

finish of the preceding activities
For example presented in Fig. 3, it will be:

LR =LFy =LR: =LSz\p=(11182129 9)
In case of activities with multiple successors, the

late finish time of a given activity is the earties the
successors’ late start times (Fig 8).

Es [DUR] Ls Es [pbur] s
ACTIVITY NAME  (=3| _se=rrV ZAT

ME
EF|TF|LF4|;I'EFW|LF

Es [DburR | Ls 18 [DUR[ 14
ACTIVITY NAME | ACTIVITY NAME
EF | TF | LF

EF | TF | IF

Figure 8 - Late finish in case of multiple succeedi

activities
For example, in the network diagram presented in

Fig. 3, activity A has two succeding activities §nd

The backward pass is the second step of the CRM, so it will be:

calculation procedure and its purpose is to detegmi
the latest moment that an activity can finish @rtst
without impacting the overall project.

Backward pass calculation should be startedwith
the last activity in the network and performed todga
the first activity in the network.

The first step in the backward pass is to take S
early finish time of the last activity in the sclésl as
the late finish time (LF) of that activity, i.e. Bip =
LFenD (Figure 6)

212

LF (A) = min[ LS(D); LS (E)]

= min [(LF (D) - DUR (D)) {(LF (E) - UR (E))]

= min [((11,18,21,29) - (3,5.6,7))((~1,9,12,23) - (1,3,6,9))]
= min [4,12,16,26); (-10,3,9,22)]

Comparison of obtained fuzzy numbers will be

ossible after defuzzification in accordance with (

_ (162 +262 +16x 26) - (42 +12% + 4% 16)

D(4,12,16,26) 3A(16+26)-(@+12)

=146
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This means that fuzzy number (4,12,16,26) is (R +18 +3x19 - (2 +(-182 + (-3 x(-18
equivalent to the real number 14.6. (A) = 16+19-(3 +(-19)] =

(92 +22° +9x22) - ((-10* +3° +(-10%3)  \hich means that fuzzy number (-18,-3,3,18) is
(9+22)-((-19+3) equivalent to the real number 0 (zero).

0

D(-103,9,22) =

=6

Fuzzy number<10,3,9,22) is equivalent to the
real number 6.

Table 4. The values of total float (TF) of actiedtiin a
network diagram in Fig. 3

Therefore: Activity | LF EF TE

LS(D) > LS(E) (10) START | (0,0,0,0) (0,0,0,0) (-18,-3,3,18)
A (-10,3,9,22) | (4,6,6,8) (-18,-3,3,18)
Consequently: B (-1,9,12,23) | (6,9,10,12) | (-13,-1,3,1))
LF(A) =mirLS(D),LS(E)| =LS(E) (11) C (11,18,21,29) (2,4,5,7) (4,13,17,27)

Therefore: D (11,18,21,29)| (7,11,12,15)| (-4,6,10,22)
_ E (-1,9,12,23) | (5,9,12,17) | (-18,-3,3,1B)
LF(A)=(-103922) 12) F (11,18,21,29) (11,18,21,29) (-18,-3,3,18)
The calculated values of LF and LS of all acti- | END (11,18,21,29) (11,18,21,29) (-18,-3,3,18)

vities in a network diagram are presented in Tab. 3 In network diagrams, there are many possible

Table 3. The values of LE and LS for activitiesain Paths, buthe critical path is the one that extends from
network diagram in Fig. 3 the start of the project to its end on which athto

(-18,-3,3,18) | 0
(-18,-3,3,18) | 0
END | (-18,-3,3,18) |0

This means that the critical path for the given

Total float (TF) is the amount of time by whichyoplem consists of activities Start, A, E, F amtE
an activity (or a whole chain of activities) can bE(Figure 9).

delayed from its early start without delaying the

4.3. Total Float

The third part of schedule calculation using CPM
is the calculation of the total float or slack time

floats have the zero value.
Activity | LF DUR LS o
Table 5. The values of Total Float (TF) of actistiin a

START | (0,0,0,0) (0,0,0,0) (-18,-3,3,18) network diagram in Fig.3
A (-10,3,9,22) | (4,6,6,8) (-18,-3,3,18) T -
B (-1,9,12,23) (6,9,10,12)  (-13,-1,3,17 y (fuzzy number)| (real number)
C (11,18,21,29)| (2.4,5,7) (4,13,17,27 START | (-18,-3,3,18) |0
D (11,18,21,29)| (3,5,6,7) | (4,12,16,26) A (-18,-33,18) | O
E (1,912,23) | (1,369 | (-10,3,9,22) B (-13-1,317) | 1.62
= (11,182129)| (6,9.9,12)| (-1,9,12,23) ¢ (4.1317,27) | 11.97

D (-4,6,10,22) 8.08
END (11,18,21,29)| (0,0,0,0) (11,18,21,29) -

F

contract completion date. The total float for any A D
activity can be calculated as:
E
TF=LF-EF (13) START END
Calculated values of total float for activitiesan B F

network diagram in Figure 3 are presented in Table

Although total float has to be calculated and
reported for every activity in a network, it is an
attribute of a network path and therefore nofEigure 9 - Fuzzy critical path
associated with any specific activity along thehpat

For example, total float of the activity A, defined5' DISCUSSION

as TR = (-18, -3, 3, 18), after defuzzification in If the same problem was solved using determi-
accordance with (4), will be: nistic version of CPM, there would be four differen

o]
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solutions, each one based on different set of daaurces and gives time limits not defined deter-
obtained from a different source (Figure 10). ministically but probabilistically, i.e. as the #min-
Experts 1 and 2 would prognose the same totirvals.
duration of the given project (18 days), but with s |t should be noted here that activities’ duratioms
gnificantly different critical paths and importashata presented example are purposefully taken to be-rema
about starts and finishes of activities. rkably different in order to use small set of aitits
Experts 3 and 4 would prognose much longer dder illustrating how different opinions and soura@as
ration of project (24 and 23 days, respectivelyld a lead to significantly different conclusions and idec
they would also provide different critical paths. ons. For example, in case of the activity E, Highly

The only solution consistent with the one obtadnlikely that for the same activity one expert vebul
ined by the fuzzy critical path method is the ome b Prognose that it would last one day, while the pthe
sed on data provided by Expert 2, but there wolild 22ne would say it would be nine days. On the other

so be some discrepancies considering starts, éisisthand, presented example has only six activitiesiewh
and total floats of critical activities. the real construction projects consist of seveoaked

Of course, this does not mean that experts 1 ng or even hundreds of activities and thereforaneve
and 4 are not reliable, but that their opinions e Small differences of a day or two can build up to a

sed on different experiences and attitudes. If vee significant discrepancy in the total project duwator

sume that all data presented in Table 1 are reténan the critical path structure.

a sufficient degree, it can be concluded that the s  In figure 10, it can be seen that results signifi-
lution obtained by the fuzzy critical path methad icantly vary considering the both most importanteasp
the most probable one because it includes remarkalots of the problem, i.e. the total duration of gieject
different informations from four different but rebile and the structure of the critical path.

EXPERT 1 0f4]a 4315 EXPERT 2 0[efo 6[5][13
A D A D
4]a]s 4]1]s 7[1]18 6]os 6[6][6]| [1]7]1s
E E
0fo]o 0]e]o 5[40 9fofo] [18]0]18 0foJo o[e]s]| [12]0[12] [12]6]13] [18]0 [18
START |> B F > END START |- B F > END
0fo]o 9fofe 180 18] [18] 018 ofofo 6612 180 18] [18]01s
0216 0[4]1a
c c
2 [16]18 4 [14]18
EXPERT 3 BRE 6618 EXPERT 4 ofso 8716
A D A D
6[3]9 6[3]9] [12]12]2 s[ofs 898 [15]8 ]2
E E
0fo]o o0 [12] 0 o [3[12] [12][12]12] [24]0 [24 0fofo of10]7] [a7]o 17| [17]e 17| [23]0 [23
START |> B F > END START [— END F > END
ofofo| [12]0]12 240 24| [24] 024 ofofo]| [10]7]7 230 23] [23]0]23
o7 [ o[58
c c
7 [17]24 5 [18]23

Figure 10 - Results obtained by solving the problesing deterministic critical path method
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ANALIZA DINAMI CKOG PLANA U GRADEVINARSTVU PRIMENOM FAZI METODE

KRITICNOG PUTA

Metoda kritthog puta postala je Siroko prihgana kao koristan alat za planiranje velikih
gradevinskih projekata. Cilj ovog rada je da se predsenaliticki metod iznalaZenja krithog puta u
mreznom dijagramu u kome je trajanje svake aktitrpyedstavljeno trapezoidnim fazi brojem. Fazi
metoda kritihog puta prikazana u ovom radu veoma je delotvar@refivanju kriticnih aktivnosti i

iznalaZenju kri#nog puta.

Kljuéneredi: metod kritthog puta, trapezoidni fazi broj, mrezni plan, défkacija
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