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We study the relationship between capacity and performance for a service firm with spatial operations, in
the sense that requests arrive with origin-destination pairs. An example of such a system is a ride-hailing
platform in which each customer arrives in the system with the need to travel from an origin to a destination.
We propose a state-dependent queueing model that captures spatial frictions as well as spatial economies of
scale through the service rate. In a classical M /M /n queueing model, the square root safety (SRS) staffing
rule is known to balance server utilization and customer wait times. By contrast, we find that the SRS rule
does not lead to such a balance in spatial systems. In a spatial environment, pickup times increase the load
in the system; furthermore, they are an endogenous source of extra workload that leads the system to only
operate efficiently if there is sufficient imbalance between supply and demand. In heavy traffic, we derive
the mapping from load to operating regimes and establish implications on various metrics of interest. In
particular, to obtain a balance of utilization and wait times, the service firm should use a higher safety
factor, proportional to the offered load to the power of 2/3. We also discuss implications of these results for

general systems.
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1. Introduction

Motivation. Many traditional service systems are characterized by static servers and customers
that arrive stochastically and line up in a queue before receiving service. These include call centers,
health-care facilities, and amusement parks, among others. In designing such systems, one faces a
tradeoff between the cost of servers and the quality of service as measured through the character-
istics of wait time. The prevalence of such systems has led to an extensive literature on capacity
sizing that has provided important practical guidelines about how to set capacity levels in service

systems. Typically, there is a fine balance between the two objectives. A central rule, the so-called



square root safety (SRS) staffing rule, emerges naturally from different performance considerations.
In the SRS rule, the capacity is set at the nominal offered load plus a safety factor proportional
to the square root of the offered load. If one considers a social planner’s problem attempting to
minimize the system’s total cost measured by the aggregate of capacity and waiting costs, the SRS
rule is optimal in large systems. Another central metric in the literature and in practice is the
probability that a customer waits before being attended by a server, which has led to the coining of
various terms to describe the regimes of interest. Quality driven (QD) is the regime where customer
quality is paramount and, thus, the probability of waiting is vanishingly small. Efficiency driven
(ED) refers to the regime where cost concerns prevail. In ED, a customer’s probability of having to
wait approaches one. Quality and Efficiency driven (QED) is the intermediate regime, where the
probability that a customer waits is separated from both zero and one, leading to a fine balance
between utilization and quality of service. The latter is achieved through the SRS staffing rule.
The latter capacity is sufficient to ensure that a positive fraction of customers do not wait at all
before receiving service. .

However, there are other service systems in which customers arrive to random locations in space
and servers have to spend time not only servicing customers, but also reaching them before service
starts. This includes, for example, ride-hailing systems such as Uber, Lyft, Via and DiDi. On these
platforms, a customer requests a ride from a given location and a driver is then dispatched by the
platform to pick him up and take him to his desired destination.! Automated warehouses powered
by Kiva robots (Amazon robotics) or the Ocado smart platform provide another example. In these
warehouses, products are arranged in a grid. As orders for different products arrive, robots are
dispatched to collect the products and transport them to picking stations. In these spatial multi-
server systems, workload is larger than in traditional systems because servers must reach customers
before starting to service them, making it unclear whether the SRS rule of thumb is still valid.
The central question of this paper is the following: How should “capacity thinking” be adapted to
spatial settings, where servers need to reach customers before service can start?

We anchor our analysis around a spatial multi-server system in which arrivals to a two-
dimensional region follow a Poisson process. A customer draws an origin and a destination uniformly
and independently in the region. From a pool of n servers, a central platform dispatches a server
that must reposition to the origin of her assigned customer and then take him to his desired des-
tination. This spatial multi-server system is different from a traditional queueing M /M /n service
system in at least two dimensions. First, servers must “pick up” customers by repositioning to a

customer location before starting service. This translates into extra workload added to the system

! For consistency, we refer to customers as males and servers/drivers as females throughout the paper.



compared to a traditional system. Second, as the imbalance of servers and customers increases,
spatial economies of scale can make the system operate at a faster pace. For example, the larger the
spatial density of idle servers, the more opportunities for better matches and the shorter the time
it takes a server to pick up an arriving customer. Similarly, the larger the spatial density of waiting
customers, the more opportunities for better matches and the shorter the time it takes an idling
server to reach a customer. That is, in a spatial multi-server system, service rate is state-dependent

and might improve with large supply-demand imbalances. This is illustrated in Figure 1.

average service

time
factor of
En-Route ;
time high supply low supply|:|low demand high demand
density density [:| density density
potential for potential for
efficient matches ] efficient matches
En-Route
time L R L N
| | | >
o _' nun'lber o _' customers
0 equilibrium (QD) of Servers equilibrium (ED) system
Figure 1 lllustration of the potential for matches and the impact on pickup times.

In order to shed light on the capacity sizing question of interest, we take a macro view of the
spatial system by focusing on the key features that dictate its dynamics. More concretely, we
consider a Markovian stochastic model that captures the key characteristics of input and output
rates in the spatial multi-server system. Our Markovian model is a standard queueing system with
n servers, but with a state-dependent service rate that adequately reproduces the spatial economies
of scale of spatial systems. We analyze this queueing model in heavy traffic. On the one hand, the
queueing setting provides guidelines for how the spatial system will behave. On the other hand,
the spatial setting provides a physical interpretation of the queueing model results.

Main contributions. Our first contribution lies in the modeling domain. We develop a Marko-
vian model that captures fundamental aspects of capacity planning in dynamic spatial environ-
ments. The system we analyze features both service speedups and service slowdowns that emerge
due to the presence of spatial economies of scale. In addition, we ground our analysis on near-
optimal dispatch rules derived from the vehicle routing literature.

Our second contribution lies in the set of insights and fundamental results we obtain for this

class of problems. We first analyze a fluid model that highlights some of the key properties of



such systems. We characterize in closed form the two possible stable equilibria of this deterministic
model. These equilibria correspond to two types of potential operating regimes: the first one with
a high density of waiting customers and the second one with a high density of idle servers. These
equilibria are depicted in Figure 1. In both of these operating points, the system is able to match
customers to servers efficiently since supply and demand are fairly imbalanced.

We then analyze the stochastic system in heavy traffic. In this setting we first establish that,
in stark contrast with a standard multi-server system, the SRS rule will always bring the spatial
multi-server system to the efficiency-driven (ED) regime, in which customers will wait for a server
to be dispatched with probability approaching one. In other words, the added workload due to
pickups is substantial enough and cannot be compensated by simply increasing capacity levels on
the order of the square root of the offered load.

In turn, we fully characterize the asymptotic system’s performance under a range of scalings. If
the capacity buffer is of lower order than the offered load to the power of 2/3, then the system is
in the efficiency-driven (ED) regime. The system operates around the ED equilibrium depicted in
Figure 1. If the capacity buffer is of higher order than the offered load to the power of 2/3, then
the system is in the quality-driven (QD) regime. The system operates around the QD equilibrium
depicted in Figure 1. Hence, in a spatial environment, the QED regime may only emerge if the
safety capacity is of order the offered load to the power of 2/3. We furthermore establish that
the QED regime can indeed be achieved. The QED regime does not correspond to a new stable
operating point of the system, but to a system that oscillates stochastically between the ED and
QD equilibrium points. Reaching the QED regime is more subtle in a spatial environment, as
now it does not only depend on the order of the safety capacity but also on second order terms.
Furthermore, as a by-product of this analysis, we can approximate the system cost and establish
that the power of 2/3 scaling is optimal in the sense that it minimizes a sum of server costs and
waiting costs, which is a natural social planner’s objective.

We show that the approximation method used, which greatly simplifies the analysis of an other-
wise highly non-tractable system, captures the fundamental features of the true system. We validate
our approach via a series of numerical simulations that show that the heavy-traffic behavior of our
Markovian system closely captures that of a simulated spatial multi-server system.

In sum, our model and results imply that common rules of thumb such as the SRS rule will
no longer be valid for spatial operations and, therefore, new staffing rules of thumb are necessary.
This has implications for how to think about such trade offs in automated warehouses and, with
the advent of fleets of self-driving cars, in ride-hailing platforms. Our results derive new rules of

thumb for the implications of capacity levels on the type of service regime they induce.



2. Related Literature

Our paper relates to several streams of literature.

Staffing. Our goal is to analyze the performance of a system with customers arriving and being
served in a spatial setting as measured by the steady-state probability of waiting in heavy traffic.
The seminal work of Halfin and Whitt (1981) introduces the so-called Halfin-Whitt regime in which
the system is taken to heavy traffic by scaling the number of servers as R+ (- v/ R where R is
the offered load. This is also known as the square root staffing (SRS) rule. Under this regime, the
authors show that in an M /M /n or GI /M /n, the system the probability of delay is strictly between
zero and one-the QED regime. Garnett et al. (2002) and Whitt (2004) study the Erlang-A case. For
more on the QED regime with applications to call centers, we refer the reader to the survey papers
by Gans et al. (2003) and Aksin et al. (2007). We also refer the reader to Whitt (2007) for related
work, and Reed (2009) for the more general case of the G/GI/n system. Bassamboo et al. (2010)
study the capacity sizing problem in an environment in which there is also parameter uncertainty
for mean arrival rate, deriving new prescriptions for such settings and articulating how to operate
depending on whether one is in an uncertainty-dominated or a variability-dominated regime. Our
work is complementary to this literature in the sense that we also analyze the performance of the
system as measured by the probability of delay. In our model, however, the presence of spatial
frictions affects dynamics and introduces state-dependencies, leading to fundamental changes in
how capacity should be scaled to achieve QED performance. For an in depth discussion about
limiting regimes (ranging from the conventional heavy traffic regime to the Halfin-Whitt regime
and passing through the slowdown regime) and their implications for diffusion approximations in
non-spatial environments we refer the reader to Ward (2012) and Atar (2012).

State-dependent service rate. The general spatial system we aim to understand is complex
and generally intractable. To gain insight we consider a simpler Markovian version of it that can
be regarded as an M /Mg /n system. Our work is thus related to the broad literature on Markovian
system and birth and death processes, and in particular to the works that study service systems
with state-dependent processing rates; for some examples we refer the reader to Mandelbaum and
Pats (1995), Mandelbaum et al. (1998) and Powell and Schultz (2004). Chan et al. (2014) study an
Erlang-R service system in which the service rate can be sped up whenever congestion is above a
certain threshold . Using a fluid analysis they show that, depending on system parameters, speeding
up service can lead to both desirable and undesirable system congestion levels. In related work,
Dong et al. (2015) study a service system in which agents are sensitive to individual future work
load and reduce their service rate as the system’s workload increases. They show that depending

on load sensitivity, the system’s slowdowns can take it from moderate to substantial deterioration.



Our work can be considered as a combination of both speedups and slowdowns, and the exact
form of these in our context is driven by spatial economies of scale. As the number customers
in our system increases beyond n, the density of waiting customers increases and, therefore, the
next idling servers can spend less time picking up customers, i.e., service rate speeds up. Similarly,
when the number of customer is increasing but below n, the density of idle cars decreases and,
therefore, arriving customers may experience larger pickup times, i.e., service rate is slowed down.
These effects are a result of the physical nature of our system. Related to the above papers, and
in particular Dong et al. (2015), our system features some form of bi-stability in an underlying
tightly related deterministic model. In contrast, however, the equilibria emerge on different scales
in our setting and asymptotically in the stochastic system, these can survive jointly.

Stochastic vehicle routing. Another related stream of related work is that of dynamic routing
problems. Routing is a highly complex class of problems and measuring the performance of routing
algorithms is challenging. Bertsimas and van Ryzin (1991, 1993) show that the scaling of queues
in space is fundamentally different to the one when space is ignored. In particular, Bertsimas and
van Ryzin (1991, 1993) obtain a lower bound for the minimum expected total time in the system
under any dispatching policy given by © (A\/(n?(1—p)?)) + ©(1) in heavy traffic, as the offered
load converges to 1. This is a remarkable result that provides a lower bound for all dispatching
policies and in turn sets a target for the optimal expected time in the system which can be used
as a guideline to measure the performance of policies. Interestingly, the size of the system scales
with 1/(1— p)? and not with 1/(1 — p) as happens in the standard M /M /n system. Thus the fact
that we are taking into account space fundamentally changes how the system scales with traffic
intensity.

Ride-hailing. In the young but quickly growing literature on ride-hailing systems, customers
arrive in a spatial region and a platform matches them to drivers who, in turn, take the customers
to their desired destinations. For the important problem of spatial incentives in ride-hailing system
we refer the reader to Banerjee et al. (2015), Bimpikis et al. (2016), Castillo et al. (2017), Afeche
et al. (2018) and Besbes et al. (2018).

Closer to our work are the studies that investigate the problem of matching to optimize certain
performance metrics. Using a fluid approach in a closed queueing network, Braverman et al. (2016)
study how to route empty cars in order to maximize network utility. In related work, Ozkan and
Ward (2016) use a fluid approach to derive policies that maximize the number of matches. Banerjee
et al. (2018) study matching in a closed queueing network, and show that for a Scaled MaxWeight
policy, the proportion of dropped demand in steady state decays exponentially fast as the number of
servers in the system grows large. In a circular city framework, Feng et al. (2017) analyze the waiting

time performance of different matching mechanisms. The focus of this paper, in contrast, is to



understand how to think about capacity planning in spatial environments. Rather than optimizing
over the space of dispatching policies, we anchor our analysis around a near-optimal dispatching
policy.

Closest to our setting is Castillo et al. (2017). There, the authors also analyze inefficiencies
stemming from additional workload in a spatial system, and study the possible use of surge pricing
to alleviate these. Our study focuses on a different question, that of capacity planning. The two
papers utilize different dispatch policies. Our framework can be used to analyze the type of dis-
patching considered there, in which the additional capacity needed would be of order the offered
load. In contrast, in our case, we focus on a class of provably near-optimal dispatch rules based on
the vehicle routing literature mentioned above, which, as we establish, enables one to only need a

safety capacity of the order the offered load to the power of 2/3.

3. Spatial Queueing Model

We introduce a stochastic model for spatial capacity planning within a bounded region of a plane.
Our model is an M /Mg /n queueing system (in Kendall’s notation Mg stands for state-dependent
service time) that captures the fundamental aspects of a spatial system that experiences arrivals

and dispatches servers to attend to those arrivals.

3.1. Model

Motivation. We consider two models in our paper. The first is what we call the general system,
where spatial elements such as origin-destination pairs of customers are explicitly modeled. The
second is a Markovian system, which is a queueing system that approximates the general system.
In the Markovian system, the spatial frictions are captured in reduced form via a state-dependent
service time. All of the mathematical results in the paper establish properties of the Markovian
system that can be regarded as qualitative prescriptions for the general system. Indeed, in Section
6, we use simulation to demonstrate that the Markovian system approximates the behavior of the
general system quite well.

We are interested in gaining insights on the following general system. There is a central platform,
customers and servers that interact in a bounded connected subset C of R? (the city). Customers
arrive according to a Poisson process in the city at uniformly distributed locations in the city. Each
customer wishes to travel from the point they arrive to some other point also drawn uniformly at
random among all locations in C. Customers are patient and will remain in the system until served.

There is a fixed number of servers in the system, and each one can serve one customer at a

time at a constant velocity. A server first repositions to the arrival location of a customer, and



then she transports that customer to his destination. Upon arrival to his final destination, the
customer leaves the system and the server becomes idle and waits until the platform relocates her.
The repositioning of servers occurs according to some state-dependent dispatching algorithm and
is controlled by the platform.

Any given customer experiences a total time in the system that is composed of three components:

waiting time, pickup time and en-route time:
Time in the system = Waiting + Pickup + En-route. (1)

The waiting time corresponds to the time a customer spends in the system before he is assigned a
server to pick him up. The pickup time represents the time it takes for the server to relocate from
where she currently is to the customer’s origin location. The en-route time is the time it takes to
transport a customer from his origin to his destination.

The system described at a high level above is complex and intractable to analyze in its full gen-
erality, given the stochasticity of the system, the high-dimensional state-space, and the complexity
of the space of possible dispatching policies.

Queueing model. In this paper we study what we call the Markovian system, which is a simpler
queueing model that still captures the spatial features of the general system. In setting up our
model, we deliberately forego the complex interactions among agents that make the general system
intractable, and focus on the overall physical dynamics that dictate the processing performance of
the system. We further discuss our modeling assumptions in Section 3.2.

We focus on a model in which customers arrive to the system according to a Poisson process
with rate A\, and stay until served. There is a total of n identical servers that provide service to
one customer at a time in a first come, first serve fashion. We assume that the time between the
assignment of a server to a customer and the end of the service is exponentially distributed with
state-dependent rate p(-). Upon arrival, if a customer finds a server idle, he is immediately assigned
a server; otherwise, he waits in line. This leads to an M/Mg/n queueing system. We use Q(?)
to denote the total number of customers in the system at time ¢, which includes both customers
waiting and in service.

The distinctive feature of the system we analyze and what makes it depart from a traditional
multi-server queue is that servers must be repositioned to serve customers. As a result, the total
time a server spends on a single customer corresponds to pickup time plus en-route time as opposed
to just en-route time—the analogue to service time in a traditional queueing system. In turn, in
order to capture the overall processing performance of the general system, the key is to select an
appropriate function pu(-) that isolates spatial frictions through the combination of both pickup
and en-route times as highlighted in Eq. (1).



Any sensible choice of the service rate must be such that its inverse, 1/u(-), has two components:
one reflecting pickup times and the other en-route times. En-route times are simple. They corre-
spond to the distance between two random locations in C (properly scaled by the velocity) and do
not depend on the state of the system. If we let s; to denote the expected time to move between
two random points in C (for some nominal velocity), then it follows that one of the components of
1/p(+) will be equal to §;. The remaining component has to relate to pickup times. These are more
involved as they depend on how, based on the state of the system, the platform decides to do the
assignment of servers to customers—the dispatching algorithm. To overcome this difficulty it is
convenient to look at the physics of the spatial system under a particular dispatching algorithm. In
the present study, we anchor our analysis around the asymptotic behavior of one notable dispatch-
ing algorithm: nearest-neighbors dispatch (NN). This algorithm is simple, intuitively appealing, and
it is also near-optimal.? If there are more servers than customers, NN assigns the next arriving
customer to its closest available servers. If there are less servers than customers, NN assigns the
next idling server to its closest waiting customer.

The asymptotic behavior of NN, which we discuss in Section 3.2, leads to a particular form of the
expected service time which, in turn, motivates the following expression for the state-depend rate

of our queueing system when its state is ¢

) .
2 5p 15, ¢>0, (2)

(@) \/Jg—n|v1

for two given positive constants 5, and 5;, where 5, represents the average pickup time when there

>

is one server available and one passenger request. The form in Eq. (2) captures spatial frictions in
the following way. Consider the queueing system. If Q(t) < n, then |Q(t) — n| is large and many
servers are available, and thus, 1/u(Q(t)) is close to §;, the expected en-route time. The pickup
time should be negligible given the high density of free servers in space. Similarly, if Q(¢) > n, then
many customers are waiting and a match with a low pickup time could be found given the high
density of customers in space. Indeed, we also have that 1/u(Q(t)) is close to 5, in this scenario.
The important point is that whenever there is a critical idle/waiting mass at either side of the
market, the physical nature of the system allows it to process customers efficiently. When Q(t) ~ n,
we expect the match between server and customer to lead to a significantly higher pickup time.
In our model, a customer’s total expected service time will be close to 5, + 5; when Q(¢) ~n. For
notational simplicity, we assume 5, = 5, throughout the next few sections, and denote this quantity
simply by 5. When we simulate the system in Section 6, we allow 5, and 5, to take distinct values.

2 Among the policies that minimize customers’ expected total system time, NN achieves near optimal performance
(see e.g., Bertsimas and van Ryzin (1991)) .
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Performance Metrics. The main objective of this paper is to understand the implications of
spatial frictions on performance metrics of the service system. In particular, we analyze these in
an asymptotic regime in which the number of servers and the arrival rate grow large. We analyze
the system in heavy traffic and consider a sequence of M /Mg /n queues indexed by n, with arrival

rate A,, such that

pn<1l, lim \,=oc0, lim(1—p,)n*=p, forsomeeR,, ac(0,1), (3)

n—00 n—00
where p,, equals §-\,/n. Thus, p, approaches 1 from below at rate 1/n®. Under these different
scalings (as « varies), our goal is to study key performance metrics associated with the system.
We let {Q,(t)}i>0 denote the number of customers in the n-system. The dynamics of @, (t) can
be written as follows. Let A= {A(t):¢t>0} and S ={S(t):t >0} be two independent unit rate

Poisson processes. The path-wise construction of @,, is

Qu(t) = Qu(0) + AM) — S ( [ ml@uta) int Qn(U))dU> =0 @

The term () corresponds to the initial state of the system, the second term captures the cumulative
arrivals up to time ¢, and the third term refers to the cumulative departures up to ¢. In the latter,
(@ (1)) -min(n, @, (t)) corresponds to the service rate of the system, with u,,(Q,(t)) representing
the service rate per server at time ¢ and min(n, @, (¢)) the number of non-idle servers at time t¢.

We use @),,(00) to denote a random variable representing the number of customers in the system
in steady-state. One key central metric we are interested in quantifying is the steady-state limiting
delay probability

P (W) 2 lim P[Q,(c0) >nl,

n—o0
in order to assess the system performance. As in classical multi-server queues (see, e.g., Halfin
and Whitt (1981)), if P, (W) =1, the system is said to be operating in the efficiency-driven (ED)
regime, if P,,(WW) =0 the system is said to be operating in the quality-driven (QD) regime, and if
P, (W) € (0,1), the system is said to be in the quality- and efficiency-driven (QED) regime. In the
coming sections, we characterize how P, (W) changes as the values of a and 8 change. In turn, we

will also analyze implications on various other metrics such as, e.g., total system cost.

3.2. Discussion of the Modeling Assumptions

We now provide an asymptotic grounding for Eq. (2), based on the NN dispatching algorithm that
is studied in the vehicle routing literature (Bertsimas and van Ryzin (1991)). Recall that for this
policy, when there are more servers than customers, the closest idle server is assigned to a new
arrival (see Figure 2 (a)). In the case when there are more customers than servers, as soon as a

server becomes idle, we assign her to the closest customer (see Figure 2 (b)).
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Figure 2  Nearest neighbor policy (NN). In (a) we have Q(t) <n, in (b) we have Q(t) > n.

The connection between p(-) and NN comes from the following argument. Consider a general
system operating under NN. Suppose that at time ¢ there is a total of Q(¢) customers, and that
server j was matched to customer i. Depending on the state of the system, the assignment could
have happened in two different ways. If Q(t) < n, server j must be the closest idle server to customer
i among n — Q(t) idle servers (see Figure 2 (a)). If Q(t) > n, customer i must be the closest waiting
customer to server j among Q(t) —n waiting customers (see Figure 2 (b)). In either case customer
i’s pickup time can be computed by comparing the distance of the closest of |Q(t) —n|V 1 random
variables uniformly distributed in C to a single point. We can then use the following standard result
from probability to obtain an asymptotic approximation for a customer’s expected pickup time

under NN.

LEMMA 1. Let X, X,,... be a sequence of independent uniformly distributed random points in

C . Then, the expected minimum distance to any o in the interior of C satisfies

. 1
E L_n;unkHXi —x0||} =0 (\/%> , as kT oo.

Conditioning on Q(t) and ignoring any dependencies among the involved random variables, Lemma

=1,...,

1 suggests the following approximation for a customer’s expected pickup time
gp
Q) —n|v1

for some positive §,. The first term in Eq. (2) incorporates this approximation.

E[Pickup|Q(t)] =

We note that the particular approximation we use in pu(-) discussed above is not the only sim-
plifying assumption we use in the Markovian system. We also assume that server travel times,
including both pickup and en-route times, are exponentially distributed. We argue in Section 6
using simulation that our approximations are reasonable, in the sense that the Markovian system
approximates well the behavior of the general system.

First-dispatch. Another dispatching protocol that has received attention in the literature is

first-dispatch (FD). Under FD, an arriving customer is assigned as soon as possible to the closest idle
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server. Consider again Figure 2. In the situation depicted on the left panel (a), NN and FD operate
according to the same rules. However, in the situation represented by the right panel (b) of Figure
2, the two dispatch rules operate quite differently. In this case, the FD dispatching algorithm assigns
the next idling server to the longest waiting customer. As pointed out by Castillo et al. (2017),
the FD dispatch rule can lead the system to a bad equilibrium they call the Wild Goose Chase in
which servers spend long times picking up customers. Our framework can be used to analyze the
systems’ performance under the FD dispatch policy. Using Lemma 1 we can derive the following

expression for an approximate service rate under FD:

! il + 5 >0
= St, q -~ VU.
pe(a)  /in—qrvi

Unlike the NN policy, the FD policy does not make use of spatial economies of scale when the system
is heavily loaded with customers (¢ > n); instead, it serves customers on a first come first serve
basis. This gives rise to the Wild Goose Chase phenomenon. Under this inefficient dispatching
protocol, the number of servers required to escape ED performance equals the offered load plus a
buffer term that is of the same order of the offered load, as opposed to a buffer of the order of the
offered load to the power of 2/3 under NN. The NN dispatching protocol avoids this bad equilibrium
outcome by exploiting spatial economies of scale even when the system is heavily loaded with

customers.

4. Dynamics of a Related Deterministic System

Before we study the stochastic limiting properties of the Markovian system in Section 5, we analyze
the properties of a deterministic version of it that will provide natural candidate focal points for the
former system and initial insights on its behavior. In particular, we focus on a natural deterministic
counterpart of Eq. (4).

Deterministic dynamics. Consider the dynamics of Qn(‘) described by
~ ~ t ~ ~ ~ ~
Qu(t) = Qu(0) + At - / i (@a(w)) - min (n, Qu(w)) du,  Gn(0) = Qo,
0

where Q) is a non-negative constant. This dynamical system has a simple interpretation. A fluid of
customers joins the system at rate A, and departs at state-dependent rate j,, (Q,, (t))-min(n, Q,(t)).
This dynamical system is a deterministic version of the one presented in Eq. (4). From the equation

above, we can write Q,, as the solution of the ordinary differential equation

Tl 1 Que). Qu0)=Q0 )

where

fn(Q) £ An — :un(Q) : min{na C]}-
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Since p,(-) is a Lipschitz continuous function, so is f,(-). Therefore, by the Picard-Lindelof
theorem, the ODE in Eq. (5) has a unique solution, which we denote by ®(qo,t) for a given
Qn (0) = qo. In what follows, we study the equilibrium points of this solution.

DEFINITION 1 (EQUILIBRIA). We say that a point ¢* is an equilibrium point of the dynamic
system presented in Eq. (5) if

®(q*,t)=q*, forallt>0.
An equilibrium point ¢* is such that if the systems starts at ¢*, then the systems remains at ¢*
for all t > 0. Observe that we can compute an equilibrium by solving f,(¢*) = 0. In general, a
dynamical system can have multiple equilibria but these may have different properties. We classify
the equilibria according to the following definition.

DEFINITION 2 (STABILITY OF EQUILIBRIA). An equilibrium ¢* of Eq. (5) is said to be stable if
for any € > 0, there exists § > 0 such that if |¢ — ¢*| < 0, then |®(q,t) —¢*| < e for all ¢ > 0. Otherwise,
q* is unstable. If ¢* is stable and there exists ¢ > 0 such that if |¢ — ¢*| < J, then lim, ., ®(q,t) = ¢*,
we say that ¢* is locally asymptotically stable. If lim;_, . ®(q,t) = ¢* for any ¢ > 0, we say that ¢* is
globally asymptotically stable.

Informally, an equilibrium ¢* is stable if whenever the system is slightly perturbed from g¢*, it
remains near ¢*. An equilibrium ¢* is unstable if small perturbations of the system around ¢* take
the system away from ¢*. If for any starting point ¢, the dynamic ®(q,t) converges to ¢* then ¢*
is globally asymptotically stable. If the latter is true but only in a neighborhood of ¢* then ¢* is
locally asymptotically stable. Next we study the equilibria of the dynamical system from Eq. (5).

Equilibria characterization. Recall that the equilibrium points of Eq. (5) can be found by
solving f,(¢*) = 0. The next theorem provides a complete description of the solutions to this

equation for n large.

THEOREM 1 (Equilibrium Points). Suppose lim,, (1 — p,)n® = and p, 11, and let B =
3/(41/3).
(i) Then, there exists ng such that for all n > ng, the system from Eq. (5) admits an equilibrium

given by
pn
(1 - pn)2
Furthermore, this equilibrium is unique and globally asymptotically stable if o« >1/3 or if a=1/3
and B < 5.

(ii) Suppose o < 1/3 or a=1/3 and B> ;. Then, there exists ng such that for all n>ng, the

q,=n+

system from Eq. (5) admits three equilibria given by
2
_ Pn
qn =n + ) 6
(1 - pn)2 ( )
q, = n_n'(l_pn)'ro,n(pn)a (7)

(jn = n_n'(l_pn)'rlm(pn)v (8)
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where )

4 1 272 o ,
. —__. _ _ - "™ _ 1%
Tin(pn) 3 "cos <3 arccos ( (- pn)3> 3 > , 1€{0,1}

Furthermore, q,, and q, are locally asymptotically stable and q, is an unstable equilibrium.

The result establishes that there are two fundamentally different regimes where the system from
Eq. (5) can operate. When the system is heavily loaded, in the sense that o >1/3 or « =1/3
and 8 < 7, then the queue length converges to a point g, > n as t grows to oo, independently of
the initial condition. Furthermore the exact characterization of g, provides additional insights. We

have

1
q :n—f-L ~ n+ — n*.

! (1—=pn)? B2
Hence, in such a system, asymptotically, there are always order n?® customers waiting in the system
to be served.
As the load decreases (« decreases) and when the system is such that &« <1/3 or a =1/3 and
B> B, then the behavior of the system is more subtle. There are two locally stable equilibria and
one unstable equilibrium. Now the same equilibrium g, still exists and is locally stable, but a new

locally stable equilibrium emerges, q, It is possible to show that this new equilibrium is such that?

for an appropriate constant c. In other words, in such an equilibrium, there are always idle servers,
and there is order n'~“ such idle servers. Hence, there are two locally stable equilibria, one with all
servers busy and customers waiting (g,) and one with idle servers and no customers waiting (g ).

Proof sketch and intuition. The proof of Theorem 1 relies on analyzing both equilibrium
points and their stability properties. To establish the equilibria, we determine the zero crossings of

fn(+). With some slight rewriting,

— _ -min{n — _ 1 - . min{n? q} _ - ng(Q)
fal@) = A — 1n(q) {n,q} = M |1 (\/m + 1) 3 A [1 gm(qﬂ’

1 ~ min(n,q)

Vin—gqlv1’ 92.n(2) = An8

The function g, ,,(¢) is proportional to the amount of work a system with n servers needs to do

with gin(g) =1+

per customer when there are g customers in the system. Analogously, ¢»,(q) is proportional to

the amount of work the system with n servers is capable of doing per customer when there are

3 This can be seeing by analyzing the Taylor expansion of the term ro,n(pn).
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g customers in the system. Hence, determining the sign of f,(¢) amounts to comparing the sizes
of ¢1.,(¢q) and g¢2.,(¢). When the former is larger than the latter, we have f,(¢) >0 and the queue
size grows. When the inverse is true, f,,(¢) <0, the queue size shrinks. When they are equal, we

obtain an equilibrium point by solving for ¢. Figure 3 depicts the two functions for the two different

regimes.
A AN
24 T
gl,n(q) ---- 4 92,71,((1)
v
1¥ 1/ :
O n q O Qn Qn n _n

(a) (b)
Figure 3  Equilibria points for system from Eq. (5). Plots (a) and (b) correspond to regimes (i) and (ii) from

Theorem 1, respectively. The points where the functions ¢1 ., (¢) and g2 ,(q) cross correspond to equilibria points.

As for stability, the queue length tends to grow when g; ,,(q) > ¢2..(q) since the amount of work
the system needs to perform per customer is greater than its ability to do work per customer.
Similarly, g1,,(q) < g2,,(¢) implies the system can handle the current workload and that the queue
size is decreasing. Therefore, the two equilibrium points in regime (i) where g;.,(q) > g2..(q) to
their left and g1.,(¢) < g2..(q) to their right, g, and g, are stable, while ¢, is not.

An important observation is about what drives the differences between the regimes. From the
heavy traffic scaling (see Eq. (3)) we have that ¢».,(¢) = q/(n— B -n'~®) for all ¢ <n. It follows
that for ¢ <n the slope of g, ,(q) is determined by both a and /. The theorem establishes that
when « is large enough the slope of g2.,,(¢) is not steep enough to cross ¢; ,(q) and, therefore, the
only possible equilibrium is g,, (See Figure 3 (a)). Similarly, if « is small enough then g, ,(q) is
steep enough to cross ¢; ,,(q); thus, the two extra equilibria g and g, emerge (See Figure 3 (b)).
The transition point occurs when a equals 1/3. In this case, depending on the choice of 3, the two
extra equilibria may or may not exist. As /3 increases, the slope of g ,,(¢) increases until it reaches
a point from which on g» ,,(¢) is steep enough so that the two equilibria to the left of n materialize.

Interpretation in terms of the queueing system. In terms of the queuing model, when
the number of customers is much larger than n, service times become shorter. In turn, the system
processes customers more efficiently, which brings the total number of customers down. In addition,
when the number of customers is close to n, service times are not as short as in the previous

situation. This implies that the system is not as effective in processing customer, bringing the total
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number of customers up. That is, the queueing system (and also the general system) has a self-
regulating property that is captured by the deterministic system through the equilibrium g,,. When
the number of customers is low (when ¢ < gn), despite the fact that each customer experiences a
“short” pickup time, there are just not enough customers in the system so that the arrival rate
dominates departure rate, which increases the number of customers in the system. For a medium
number of customers (when ¢ € (gn,gn)), there are enough idle servers so that we are processing
customer efficiently, but also there are enough customers in the system so that arrivals can be
dominated by departures. This brings the number of customers in the system down. For a large
number of customers (¢ € (g,,n)), there are not enough idle servers. Therefore, the service time of
customers becomes large and, as a consequence, so does the number of customers in the system.
That is, for states below n, the queueing system also has a self-regulating property that is captured
by the deterministic dynamics through the equilibrium ¢ . Therefore, one might expect ¢ and g,
to play focal roles in the queueing system, which they indeed do when we analyze the stochastic

version of the system in Section 5.

5. Limiting Regimes

In this section, we first investigate the properties of the Markovian system in steady state, where
the equilibria derived in the previous section for the deterministic system from Eq. (5) will play a
central role. We then analyze the system in the asymptotic regime from Eq. (3), parametrized by
« and (. In turn, our results lead to a parametrization of the system’s regimes: QD, ED and QED.

We also discuss some managerial implications of the results.

5.1. Steady-State Analysis

Before we provide our main results, observe that for a given scale n, the process @, (t) is a birth
and death process with birth rate A\, and state-dependent death rate p,(Q,(u)) - min(n,Q,(u)).
Letting 7, (k) be the steady-state probability that the n-system is in state k, the detailed balance

equations yield
fulk)
An

We first characterize the shape of the steady-state distribution ,(-) for systems with large scale.

(k) =m, (k) —m,(k—-1), k>1 9)

PROPOSITION 1 (Steady-state Probability Distribution). Suppose  that lim, (1
pu)n® =8, put1, and let B; =3/(4*/3). Then the following holds.
(i) Ifa>1/3 orif a=1/3 and B < BF, then for n sufficiently large, the steady distribution m,,(-)

is unimodular with a mode at |q,,|.
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(i) If « <1/3 or if a =1/3 and B > 55, then for n sufficiently large, the steady distribution

Ta(+) admits two modes, one at |q | and one at |g,].

This result leverages Eq. (9) and the intuition obtained from Figure 3 to link the equilibria of
the deterministic system from Eq. (5) with the modes of 7,(k). From Eq. (9), we note that the
monotonicity of m,(-) can be determined by looking at the sign of f,(-). In turn, Proposition 1
establishes that m,(-) has at most two modes and that those modes are close to the equilibrium
points. There is always one at |g,, |, and, depending on the scaling parameters, there may or may

not be another one at Lgnj We represent the two possibilities in Figure 4.

7Tn<‘)

N

71'71(-)‘

O L@LJ Q” O LQnJ LCLLJ anJ Q"
(a) (b)
Figure 4  Steady-state probability 7, (). In (a), which corresponds to regime (i) in Proposition 1, the state
distribution is unimodal with a peak at |G, |. In (b), which corresponds to regime (ii) in Proposition 1, the state

distribution is bimodal with peaks at [¢ | and [q,,].

Whenever a > 1/3, m,(-) is unimodal and it peaks once to the right of n, see Figure 4(a). If
a<1/3, m,(-) is bimodal and it also peaks to the left of n, see Figure 4(b). If o =1/3 these two
cases are possible depending on the parameter . This is in line with the intuition we obtained
from the deterministic analysis in Section 4.

In steady-state, one expects that the system spends most of the time around the modes of the
distribution. However, when assessing the performance of the system in terms of probability of
having to wait for a server to be assigned, one needs to analyze the steady-state distribution beyond

its modes to evaluate how mass is distributed. We do so next.

5.2. Service Regimes
We start our analysis of service regimes by analyzing the quality-driven (QD) and effiency-driven

(ED) regimes.
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5.2.1. QD and ED regimes. We first establish sufficient conditions for the ED and QD

regimes to emerge.

THEOREM 2 (Limiting Regimes). Fiza € (0,1) and 8> 0. Suppose that lim,, . n*(1—p,) =
B. Then, there exists 55 > B such that
(i) (ED Regime) if a € (1/3,1) or if a=1/3 and B < 35, then

(i) (QD Regime) if o€ (0,1/3) or if «=1/3 and B> 5, then
P (W)=0.

Theorem 2 provides a crisp characterization of the domains in which the ED and QD regimes
emerge. If o € (1/3,1) orif « =1/3 and 8 < (3, then recall from Proposition 1 that the steady-state
probability of the number of customers in the system admits only one mode at |g,, |, which is higher
than n, the number of servers. Part (i) of Theorem 2 establishes that the mass is concentrated to
the right of n and hence servers are almost always either en route to customers or transporting
customers and almost never idle. In turn, customers, will have to wait with probability close to 1
before being assigned a server.

If «€(0,1/3) or if a =1/3 and B > 35, then the the steady-state probability of the number of
customers in the system admits two modes (cf. Proposition 1 part (7)), one at |g,, | which is higher
than n and one at Lgnj which is lower than n. Part (ii) of Theorem 2 establishes that the mass is
concentrated to the left of n and hence there is almost always a fraction of servers that idle and
customers almost never wait before being assigned a server. In other words, the mode to the right
of n plays little role in this parameter regime.

Discussion of Capacity Planning. To further appreciate the result, recall that since n®(1 —
pn) — [ we have

n— ApS

Gopia 0 thatis, naAs £ 8- (W9 (10)

The term A,5 corresponds to the standard offered load of the system as defined for standard
M /M /n multi-server systems. In heavy traffic, this quantity determines how the capacity of the
system should be scaled with the arrival rate of customers. First, there is a nominal term, which
is simply A,,5, that accounts for the expected amount of work requested by customers. The second
term (- (\,5)! 7 is a buffer term that accounts for stochastic variations of the system. In a classical
M /M /n setting, when ae < 1/2, the system is in the QD regime, when o > 1/2, the system is in the
ED regime, and when « =1/2 the system is in the QED regime. In contrast, in our setting when

the buffer term is 8- (\,5)'/2, the system is in the ED regime no matter the choice of 3. Since our
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model captures spatial frictions, this result highlights that in a setting where servers need to reach
customers before the start of effective service, the capacity needed to achieve QED performance
is fundamentally different than in a standard setting. Moreover, spatial frictions create the need
for more servers than in a standard setting for the system to operate in the QD regime. Indeed,
in our model the buffer term must be 5 - (A,3)™ with m > 2/3. The transition between ED and
QD occurs when the buffer term is 3-(),5)%/3, that is, the QED regime can only happen with a
scaling of 2/3 which is orders of magnitude larger than the traditional SRS rule of thumb.

Proof sketch of Theorem 2. The proof of Theorem 2 consists on bounding above the terms
P[Q..(0) < n] and P[Q,,(c0) > n], respectively, and then using asymptotic relations between the

mode probabilities as established in the following result.

PROPOSITION 2. Fiz a € (0,1) and > 0. Suppose that lim,, .o n*(1 — p,) = then
v 1 ([g.0)y _ 1

. T4y, _ =

lim — log <7) =5

n—oo N

(i1) if « <1/3 then

(11i) if « =1/3 then there exists a function g(-) such that

N (2 )) _
lim log <7Tn(anJ)> =g(B).

n—oo nl/3

And there exists B3 > 7 such that g(B5) =0 and if 55 < B < B5 then g(B) >0, whereas if B> 5
then g(B3) <O0.

Proposition 2 shows how the peak of the modes of ,(-) compare to each other as n grows large.
When o« > 1/3, for large n, there is only one peak given by |g, |. From part (i), its steady-state
probability satisfies

([T, )) = ma(n) - /7,

that is, 7,(|q,|) is exponentially larger than m,(n). Since m,(-) is increasing to the left of |g, |
(see Proposition 1), this suggests that, in the limit, the number of customers in the system will be
above n with high probabilty. In other words, the system will be in the ED regime.

For the case when a < 1/3, Proposition 1 states that m,(-) is bimodal and, therefore, there could
be mass around both peaks. However, part (i) of the proposition establishes that m,(|g |) is

—n

exponentially larger than 7, (|q,]),

152,1-2a

”n(LﬂnJ) ~7,(7,]) - e2
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This suggests that when a > 1/3, the tail of 7, () to the right of n vanishes as n becomes large.
In turn, the number of customers in the system should be below n with high probability. In other
words, while the distribution 7, (-), has two modes, only one mode “matters” and we expect the
system to be in the QD regime.

The threshold case is a =1/3. In this case whether 7,(|g,]) dominates m,([g _]) (or vice-versa)
is governed by B. When § < f5, from Proposition 1, we know that |g,, | is the only mode and,
therefore, m,(|q,]) dominates. If 8 € (87, 5;) then |g | is also a mode; however, part (iii) of the
proposition establishes that ,([q,]) is exponentially larger than m,(|g |). That is, in this case
Lgnj transitions into becoming a mode, but the mass it contributes is not large enough and it
vanishes as n increases. Therefore, for 8 < f3;, the system will be in the ED regime. In contrast,
when 3 > 35, the roles of m,(|q,|) and m,(|g ]) reverse. This indicates that for 8> j;, the system
will be in the QD regime.

5.2.2. QED regime Theorem 2 implies that the QED regime, in which the asymptotic prob-
ability that customers have to wait for a server to be assigned is such that P,,(W) € (0,1), may
only occur if a =1/3 and = as for all other values, the system is either in the ED or QD
regimes. It is already apparent that the QED regime is much more subtle in our Markovian system
than in classical M /M /n systems as both the buffer order of magnitude (determined by «) and the
constant in front of the buffer size (determined by /3) need to be pinned down. The transition from
QD to ED regimes does not occur through the constants in front of the buffer order of magnitude,
leaving the question open of whether the QED regime exists at all in our Markovian system and, if
so, how may it be reached. The next result establishes that there exists a QED regime and provides

a characterization of it.
THEOREM 3 (QED Regime). Let py € (0,1). There exists a sequence {y, :n > 1} with v, — 0
as n1 oo and a function pr(py) € (0,1), such that if n*/>(1 — p,) = B +vn then

pr(pr) < lingian[Qn(OO) >n| <limsupP[Q,,(c0) >n] < pg,

n— oo

with pr(-) strictly increasing in py and such that limy,, 1 pr(py) =1 and lim, , o pr(pr) =0.

This result establishes a regime such that for n large enough the probability of waiting to be
assigned a server is in (0,1). In turn, the probability of not waiting also belongs to (0,1). That
is, the system is in the QED regime. We have not pinned down an exact expression for these
probabilities but, instead, we have provided a range. As one varies py € (0,1), one can achieve the
extreme regimes. If pi &~ 1 then from the theorem we can deduce that P[Q,,(c0) >n]~1; if py ~0

then we can deduce that P[Q,,(c0) > n|~ 0.
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Capacity Planning for the QED Regime. From a practical perspective, Theorem 3 provides
two important insights. First, it shows that QED performance is achieved at a different scaling
than in traditional multi-server systems. Typically, in those system a SRS rule can balance the
trade-off between waiting times and service efficiency. In a spatial setting this is no longer enough
because servers must reach their customers before starting service. Our results suggest that the
right scaling is 2/3 instead of 1/2. Second, notice that since n'/?(1— p,) —~, — B3 we have

n—MA,5

(An8)ie

From this equation we observe that, in addition to the traditional buffer term of the form - (A, 5)™

—yn— B2, thatis, nxXN5 + 85 (Md)?P+ .- (A5)Y3. (11)

our result establishes that an extra lower order term is needed for QED performance. In particular,
in our Markovian system, it is necessary to add the term 7, - (\,5)%3. Because v, — 0 this term
is of lower order than the second term in Eq. (11). Hence, the QED regime requires a very fine
balance involving second order terms compared to the buffer size in this spatial setting, in stark

contrast with the classical M /M /n setting.

Proof sketch of Theorem 3. A necessary condition to achieve the QED regime is that the
peaks of m,(+) be in a constant proportion; otherwise, one would dominate the other and the system
would be in the QD or ED regime. According to Proposition 2 part (iii), this can only happen
when a=1/3 and = ;. In this case

Jim o (T2 ) =0

that this, the log(-) term is o(n'/?). In turn, the ratio T([@,))/7n(lg,]) does not necessar-

ily converge to a constant. To have it so, one would have to look at lower order terms for
log(m, (12, ])/7mn(lg,|)) and try to disentangle the exact rate at which n'/*(1— p,) has to approach
B5 so that the log(-) converges to a constant. Instead of pursuing this, in the next result we show
the existence of a sequence converging to zero, {7¢:n > 1}, such that if n'/3(1 — p,,) approaches 3;

as B3 + %, the peaks of 7, () will be in a constant proportion.

PROPOSITION 3. Fiz c € R. Then, there exists a sequence {75 :n > 1} with v& — 0 such that if
n3(1—p,) =B +7¢, then
(m(L@J)) _
m(lg,))

In the proof of the proposition we provide a detailed explanation of how to construct the sequence

lim log

n— oo

{7¢ :n >1}. In turn, the proposition is not just an existence result, but it also provides the exact
sequence that enables us to maintain the peaks in a constant proportion. It also establishes that,

for any constant ¢ € R, if n'/3(1 — p,,) approaches 3; at an appropriate rate then

mol13)) = mallg, ) e
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In particular, as we vary ¢ we can achieve any desired proportion. For example, if ¢ <0 then 7, (-)
might look as depicted in Figure 4(b).

Even though there is a way to scale the system such that that the peaks are in constant propor-
tion, this does not guarantee that the probability of being around each of them will be positive at
the same time. It is possible, for example, that the dispersion of 7, (-) around |g, | diminishes to
zero while the proportion with the other peak remains constant. Therefore, we need to assess how

the peaks compare to the mass around them. The next lemma provides a characterization of this.

LEMMA 2. Fiz a € (0,1) and 8> 0. Suppose that lim,,_, . n*(1 — p,) =, then
(1)
P[Q(00) =1 3
=~ =0(n2?).
@) o)

(ii) if « €(0,1/3), or a=1/3 and > 35, then

This result establishes that the ratio of the mass to the right of n, to the peak in that region is
©(n2%). That is, with respect to m,(|g, |) the mass to the right of n is not negligible and, in fact,
is approximately n2® larger than ,(|q, |). Similarly, with respect to Ta(lg,]), the mass to the left
of n is non-trivial and, in fact, is approximately /n larger than m,(|q ]).

Observe that in part (i) of the lemma, the order of the ratio depends on . When a < 1/3 then
this ratio is not as big as the one for m,(|g |) (which is ©(/n)). This coincides with Theorem 2 in
that for these values of a the mass to the left of n dominates the mass to the its right. Similarly,

when a > 1/3, the mass to the right of n dominates. For & = 1/3, both ratios are of the same order.

In turn, we have

ma(la,])

Therefore, if the ratio of the peaks is constant, then the total mass to the left and to the right

P(Q,(00) 2] _ <wn<anJ>> |
<

of n can be both (asymptotically) positive and separated away from zero. That is, both sides can
be “balanced” whenever the peaks are in constant proportion. We can thus combine the results
in Proposition 3 and Lemma 2 to find lower and upper bounds for P[Q,,(c0) > n]. In the proof of
Lemma 2 we find exact expressions to control for the ratios as n increases, which we then leverage
to provide explicit bounds for P[Q, (c0) > n| that can be mapped to probability values, py and

pr(pr), which satisfy the properties of Theorem 3.
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5.3. Orders of Magnitudes of Queues and Wait Times

The results so far provide an understanding of the different regimes the system can operate in as
a function of its load. Next, we quantify queue sizes and waiting times in our system as a function
the scaling parameter . The discussion in this section underlines the differences of a spatial server
system with a traditional queueing system.

Let L* and W* denote respectively the steady-state expected queue length (excluding customers
in service) and expected wait time. Similarly, let L¢ and W denote the corresponding quantities
in the classical M /M /n system. From standard queueing theory, we have that

=" C(n, /5,
(1= pn)
where C(n, \,/5,) satisfies the Erlang’s C' formula, and represents the probability of waiting (see,
e.g., Allen (2014)). Assuming that n®(1 — p,) — 8 we have that

1 if a>1/2,
C(n,\,/8:) — { constant if «=1/2,
0 if e <1/2.

In turn, using standard arguments, one can show that for a < 1/2, we have that L° is o(1).
Meanwhile, for o >1/2, L€ is ©(n®). This implies that for o < 1/2, W€ is o(1), while for o >1/2,
We is ©(n*~1). In particular, in the Halfin-Whitt regime (o =1/2), we have that L¢ is ©(y/n)
and W€ is ©(1/y/n). Next, we compare these classic results with the results obtained from our
Markovian system.

We first provide a rigorous statement about the order of magnitude of the size of our Markovian
system around the equilibria, in the sense of deriving the subset of the real line where the queue
lengths fluctuations are constrained to, assuming n is sufficiently large. We use this result to provide

approximate expressions for L® and W*.

PROPOSITION 4. Suppose lim,, o, n*(1 — p,) = 5. Then,
(i) If a€(1/3,1) orif a=1/3 and B < (35 then there exists C >0 such that

hmP[—c< Qn(0) ~ |7.) gc}=1.

n— oo - log(n) . n%a

(i1) If a € (0,1/3) or if a=1/3 and B> B then there exists C' >0 such that

JLIQOP{—C Qn(o0) - LJ<C}:1.

Vlog(n)-v/n

Let’s consider first part (i) of the proposition. In this case we can use Eq. (6) to deduce that

Lar + Cnd. flog(n) = O(n™),

(1 - pn)
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Little’s law delivers
2

We rgﬁ + SL n3e. Vlog(n) = ©(n?*1),
There are several interesting observations. First, for a =1/2, the queue size is approximately ©(n)
and the wait time is approximately ©(1). Note the contrast to a classical M /M /n system, where
Lc=0(y/n) and W¢=0(1/y/n). This makes precise how much more work we are adding to the
system by including pickups. It also highlights that for a =1/2, the Markovian system is in the
ED regime, with its long queues. Second, note that & =1/2 is the largest value for which W* does
not explode. In contrast, in the M /M /n system, for any « € (1/2,1), the expected waiting time
approaches zero.

If we focus on pickup times, we can gain further intuition about how the QED regime works in
our system. Let P® denote the expected pickup time. Then, from part (i) of the proposition,

P~ > ~0O(1/n%).

VIQn(00) —n[V1

For a=1/3, pickup times are of order 1/n® and W* is of order n**~!. This showcases the interplay

between wait times and pickup times. When the load of the system increases (as measured by «),
wait times increase because of the greater number of customers in the system, while pickup times
decrease due to the increased spatial density of customers. If one attempts to minimize expected
customer system times, we therefore need to balance W* and P?. For the regime where av >1/3,
this occurs at a =1/3.

For the regime from part (ii) of the proposition, we have that L®~ 0 and W* ~ 0. Moreover,
we can use the fact that ¢ ~n — ©(n'~) to deduce that the expected number of idle server is
O(n'~) and P* =~ @(1/(nlfTa)) As we increase the load in the system (as measured by «), we
reduce the number of idle servers. However, at the same time, pickup times increase due to the

decreased spatial density of servers.

5.4. A Social Planner’s Perspective
An alternative approach to determining the proper safety staffing level is to start from a social
planner’s objective, and then find the staffing level that optimizes it. A natural social planner’s
objective is one that incurs a cost per server of building capacity plus a waiting (and pick-up time)
cost per customer. We now show that this objective function also leads us to the conclusion that
a safety staffing that is equal to the offered load to the power of 2/3 is optimal.

Let us consider a service provider that pays ¢, per unit of capacity and customers that incur a
waiting cost of ¢, per unit of waiting. That is, a social planner would like to select the level of

capacity n that solves the following optimization problem

min ¢ -n+ ¢, E[P,+W,]. (12)
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The first term in Eq. (12) corresponds to the cost of having n servers in the system. The second,
to the cost experienced by customers while they wait to be assigned a server, W,,, and to be picked
up, P,.

Notice that from Eq. (3) we can write n as -5+ 38(\-35)!~. Now, depending on our choice of
a we can have one of two cases. When « > 1/3, the average pick up times are of order O((\-5)~?)
while average waiting times are of order ©((\-5)?**!). Replacing this in Eq. (12) delivers the

following expression for the objective
Co (A 5+ BN-5)") +ecw (A5 +(X-5)%).

Among all values a > 1/3 the term that dominates in the expression above is the total waiting
times, that is, (A-5)%*. This is increasing in «. Hence, a = 1/3 leads to lower (asymptotic) costs
compared to all values of o >1/3.

For the case « lel/3, let m, be the steady state probability the number of customers being below
n and let T, be 1 —7,. Similar to the case when « > 1/3, we can rewrite the objective in Eq. (12)

to obtain
Cs A5+ BAN-3)") +ey- ({zA (N E)HT& +75 - (A8 T+ {EA'0+ﬁ(A.§)2“}).

When o < 1/3 the term that dominates is of order (\-35)*~. This term is decreasing in «. In this
case, o = 1/3 leads to lower (asymptotic) costs compared to all values of av <1/3.

In conclusion, in a large system, the system total social cost measured by capacity cost and
waiting cost will be minimized by selecting the number of servers n according to A-5+ B(\-35)%3,

where (3 should be tuned.

6. Numerical Experiments and General Simulation

In this section, we aim at (i) illustrating the results in the Markovian system (§6.1), and also to
(ii) compare the behavior obtained in the Markovian system to that of the actual physical system
that motivated the Markovian system (§6.2).

Simulation setup. We consider a square city C = [0,2] x [0,2] and assume v =1, implying that
Sy - v~ 1.0428. The time horizon will be T'=4,000. We simulate the general system introduced in
Section 3 and the Markovian system under several different conditions, starting from @, (0) =0,
in order to capture the ED, QD and QED regimes. We scale the number of servers in the system

according to

n=[As + B-(A\&s)" ] (13)

For aw € {1/4,1/2}, we consider 8 =2.1. For a« =1/3, we vary 5 € {2.1,2.4,2.7}.
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6.1. Markovian System
We begin by numerically illustrating our theoretical results for the Markovian system. We consider

the rate
1 _
- SP + gtv q Z Oa (14)

wa)  /lg—n|v1

with 5, = 5, = 1.0428, that is, the coefficient in front of the pickup times coincides with the expected

travel time between two points. Recall from §3.1 that these two parameters need not to be the
same because 5, comes from an asymptotic approximation. In the next section we consider more
realistic values for 5, that we estimate from simulation.

In Figures 5-6, we depict sample paths of the the number of customers in the system minus the
number of servers for the various parameters and superimpose a corresponding histogram (taken
from the path between periods 500 and 4,000). Furthermore, the two modes |g, | and |g | (when
they exist) minus n are depicted.

In Figure 5(a), o = 0.25 and we depict the system for three different scales. In line with Theorem
2, one observes that the system spends almost all its time around Lgnj and as the scale increases,
the probability of wait approaches zero. The system is in the QD regime.

In Figure 5(b), a = 0.5 and we depict the system for three different scales. Note that in this
case, there is only one mode, |g,|. In line with Theorem 2, one observes that the system spends
almost all its time around |g,| and as the scale increases, the probability of wait approaches 1.
The system is in the ED regime.

In Figure 6, « =1/3 and we depict the system for three values of 5. This is the only setting
where, asymptotically and depending on 3, the system can oscillate between the two equilibria
and asymptotically, a positive fraction of the customers (separated from 0 and 1) will wait before
being assigned a server. Indeed, we observe that for small values of 3, the system operates most
often with @ > n, as in the ED regime. As (3 increases (center plot), the fraction of time the system
spends in states such that Q) <n increases, in which case, the system is in the QED regime. When

[ increases further, the system enters the QD regime.

6.2. Comparing the General and Markovian Systems
Next we simulate the general system and compare it the Markovian system. Our purpose in this
section is two-fold. First, we illustrate the system’s behavior under the different scalings. In partic-
ular, we test whether for o < 1/3 and « > 1/3 the general system oscillates around the equilibria to
the left and right of n, respectively. For o =1/3, we also test how by varying 5 the general system
can, as predicted by the Markovian system, oscillate around both equilibria.

Second, we provide numerical evidence for the quality of the Markovian system as an approxi-

mation to the general system. To ensure an appropriate comparison, we proceed as follows:
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Figure 5  Simulation of the Markovian system. We consider 3= 2.1 and from left to right \ € {100,400, 800}.

The bottom z—axis corresponds to the simulation time, while the top x—axis corresponds to probabilities. In the

figure we observe both a sample path and 7,,(-). The dashed lines correspond to the modes [¢ | and [7,,| as

given by Theorem 1.
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lg, ] and |g,] as given by Theorem 1.

e We fix A\, a and S, and use Eq. (13) to obtain the number of servers.

e We simulate the general system for the computed value of n.

e We estimate 5, see Eq. (14). Then we simulate the Markovian system with rate given by Eq.

(14), and compute the theoretical modes/equilibria.
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e We compare the system behavior for both the Markovian and general systems.

In Figures 7-8, we depict sample paths of the queue lengths in the general system (right column)

and compare it to the Markovian system (left column). For the sake of exposition we fix A =800

throughout, but all the simulations are consistent for large values of A.

We observe that for low o (aw=0.25, Figure 7(a)), the general system queue admits a behavior

very similar to the proposed Markovian approximation. In particular, the general system also

admits a mode exactly around |g

this behavior is consistent across different scales.
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For high o (v = 0.5, Figure 7(b)), the general system queue admits again a behavior very similar

to the proposed Markovian approximation. Again, the general system also admits a mode exactly

around |g,,

| (as predicted by the theory for the Markovian system).
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For the critical value of a (v =1/3, Figures 7(a) and 8(b)), the general system queue admits
again a behavior very similar to the proposed Markovian approximation. For low values of 5 (Figure
8(a)), both systems operate in the ED regime. As (3 increases (Figure 8(b)), both systems move
into the QED regime, as the queue oscillates between the two equilibria.

Across values of a and 8 and across scales, this simulation highlights the usefulness of the

Markovian system in capturing some of the key features and predicting some of the behavior of

the general system.
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7. Conclusion

In the present paper, we have proposed a framework for studying how spatial frictions affect

capacity planning. In particular, we propose a reduced-form Markovian system that captures spatial

economies of scale, leading to a crisp characterization of the trade-offs at play in such environments.
We have established a mapping from load to types of regimes in heavy traffic. In particular,

recalling Eq.(3), we have focused on regimes parametrized by « and (3, where

lim (1 —p,)n®=p, forsome f€R,, ae€(0,1).

n— oo

Figure 9 summarizes some of the main findings. The ED regime emerges whenever a > 1/3 and

/6 A
B+
0 1/3 1 o

Figure 9 Regimes for different values of o and g.

the QD regime emerges whenever o < 1/3. When a = 1/3, the three regimes QD, ED and QED
can emerge and the latter can only emerge for one critical value of 8, which we label ;. We have
further demonstrated through simulations that the Markovian approximation provides a reliable
guideline for the behavior of a general system.

This paper opens up various avenues of potential research, from both methodological and model-
ing perspectives. Analyzing the case when customers are impatient and might abandon the system
if not served after some time is a natural extension. On the one hand, abandonment decreases the
workload of the system as fewer customer have to be processed; on the other hand, it increases
the system’s workload as having fewer customers implies that spatial economies of scale become
less advantageous. The important question in this case is whether, in order to achieve QED per-
formance, abandonment necessitates just a change in 8 or more fundamental change in a. Another
interesting extension is to study how the results in this study can be generalized to cases where
origin-destination demand patterns generate imbalances in the system. In this case, the additional
workload stemming from pickups might be even larger. How would this impact capacity sizing? An
additional important practical question is to consider time-varying demand patterns that might

require alternatives to steady-state analysis.
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From a methodological perspective, an interesting extension would be to establish some of form
of convergence of the processes in the general system to those in the Markovian approximation.
More generally, there is potential to generalize the main result of this paper to any near optimal
dispatching protocol by directly studying the spatial system. A simple back-of-the-envelope calcu-
lation serves to enlighten the latter claim. From Bertsimas and van Ryzin (1993) we can deduce
that the expected number of customers in the system in steady state is bound below by

Pn
(1=pn)*

The second term in this expression represents the number of idle server in the system, n — np,;

5—n-(L=p)+C-

while the third term maps to the number of customers waiting or being picked up. These two terms
are opposing forces that push the system to have less and more customers, respectively. Using the
heavy traffic scaling from Eq. (3), we can deduce that the second term scales as ©(n'~*), while the
third term as ©(n?>). Observe that these scalings relate to those of the equilibria in Theorem 1.
Intuitively, quality and efficiency should balance when the two opposing forces balance each other.
This occurs when 1 — « equals 2« or, equivalently, when a equals 1/3, as our results prescribe.
Note that this derivation does not rely on a specific dispatching protocol, but only on one that is
optimal or “near optimal” compared to the lower bound. Deriving the 2/3-scaling result at a full

level of generality is an exciting direction for future work.
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Online Appendix for:
Spatial Capacity Planning

A. Proofs for Section 3.2

Proof of Lemma 1. Let x( be in the interior of C, a bounded subset of R? with area denoted

by |C|. It is enough to prove that the following limit exists

lim \/EE[ min HX —x0||]

k—oo  |i=1,...,

Let Z, = min,_;__ || X; — x||. First, note that since z, is in the interior of the bounded region we

can always find a ball B(z,€) that is contain in C (below we take € small enough). From this and
the fact that the points X; are drawn uniformly at random in C, we have the following lower and

upper bounds for any i=1,...,k

(2N€)? =
7T(|ZC|6)—PHXZ-—:UOHSZ/\E]SPHXZ'_%HSZ]SWWT '

Second, from these bounds and the fact that the points X; are IID we deduce

(1— ﬁg‘g)kvogp[zkx] < (1—”‘(|ZC|M)2>kvo.

This yields the following bound for E[Z;]

/m <1 W"TQ) dz <E[Z;] < /0E <1 W"CTQ)kdz—i—/eRc (1 — 7r~Ce’2)de’

0

where Re =max, yec | — y|| and we are assuming that € < R¢. Note that

’}Lrgo\/% RC( ) dz—hm\f ( i 6) (Rec—¢€)=0,

IC\ €]

where we are using that € is small enough such that 7 -€?/|C| < 1. Therefore, we have that

2

f/ |C‘ dz<f Zk<f/ |C|)dz+f/ W|C€|>dz,

where the last term on the RHS above converges to zero. To complete the proof note that

€ er/m/|C|
lim vV - ( 7Tz)dz \/| | i VE. (1—z)dz~0886 \/‘C‘
k—00 o ]C\ k—00 T

where in the last step we use that for any 0 < § < 1 the limit as kT oo of \/Efoé(l —22)kdz is

approximately 0.886. [J
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B. Proofs for Section 4

Proof of Theorem 1. We make use of Proposition B-1 which we state and prove after the

proof of this theorem. We prove each statements in the theorem.

(i) First we show that g, as given in the statement is always an stable equilibrium. We have
that g, =n+ 22 with z, = p,./(1— p,). Any equilibrium solves f,(¢) =0, thus we just need to verify
that

1 n 1

1 _— —_— = —
+zn S pn’

which is clearly satisfied. To verify stability we proceed using the Lyapunov method. Let V(q) =
lg —q,|, then V(q) =sgn(q —7,) - fn(q). We need to verify that V(q) <0 for ¢ #7, (for n large
enough). By Proposition B-1 part (i), if ¢ € (q,,q, + 6] we have that V(q) = f.(¢) <0, and if
€[q,—06.3q,) V(q) =—fa(q) <0 for § >0 small enough. Hence, g, is a locally asymptotically stable
equilibrium.

If a>1/3 orif a=1/3 and 8 < 7 by Proposition B-1 we have that f,(q) >0 for all ¢ €0,7,,).
Therefore the same Lyapunov analysis as before leads to the conclusion that g, is a globally
asymptotically stable equilibrium.

(i1) Both equilibria ¢ and ¢, can be found by equating ¢1,,(¢) and g»,,(¢). This turns out to be
equivalent to solving the equation

N Pn
n—q

(n—q)+ =n-(1=pn). (B-1)

For the current values of o and 3, Proposition B-1 part (i), we know the latter equation has two
solutions: ¢, and q.. Let’s start with ¢,. From Proposition B-1 we know that in a vicinity to the left
of ¢, we have f,(¢q) <0, that is, in a vicinity to the left of §, we have dQ,(t)/dt < 0 and, therefore,
the systems moves away from ¢,. Similarly, in a vicinity to the right of ¢, we have f,(¢) >0 and,
therefore, the system moves away from ¢,. This shows that this equilibrium is unstable.

For g, we can use the same Lyapunov analysis as before, together with Proposition B-1, to show
that it is a locally asymptotically stable equilibrium.

To conclude we need to provide a closed form characterization the two equilibria. We transform
the equation that defines them, Eq. (B-1), in to a cubic equation. Consider the change of variables

w = +/n — q, then the equation becomes

w?—n-(1—p,)-w+n-p,=0. (B-2)

The solution to this equation can be found in Shelbey (1975). When the term —4n3 - (1 —p,, ) +

27n? - p? is non-positive the three possible solutions to (B-2) are real and given by

n- (1_)07:,)

27p2 2me
L )-8

—_— ,=0,1,2.
dn-(1—p,)? 3 )’ B

1
- COS (§ arccos ( -
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In order to verify that —4n3 - (1 — p,)® + 27n? - p2 <0, note that this is equivalent to 27p? <
4n'=3e . (n*(1 — p,))3. For large n, this last inequality holds for o < 1/3. The same is true for
a=1/3 and > ;. Therefore, the solutions wy, are all real. Furthermore, it is possible to verify
that they are ordered, wy > w; > ws, and that w, satisfies

(1—p, 1 27 p?
Wy = —2 n(?)p)-cos<3arccos( Wp—npn)?’))<o’

and w; > 0 for large n. Since we are using the change of variables w = \/n —¢q, we can disregard
wsy as a solution and take w, and w; to compute the solutions of our original equation. Because
¢ <G, we obtain that ¢ =n—wj and g, =n—w?.

g

PROPOSITION B-1. Suppose lim,, (1 — p,)n® = B and that p, 1 1. Let Bf =3/4'/3 then
(1) there exists ng such that for all n>ngy there exists g, >n for which
=0 #fq=7q,
falg) § <0 ifg>7,
(i1) ifa>1/3, orifa=1/3 and B < B5, there exists ng such that for all n > ng we have f,(q) >0
for all ¢ €10,7,)-
(111) if « <1/3, or if a« =1/3 and 5> 37 then there exists ng such that for all n > ng there exist

g and g, with Oggn<n—(%)2/3<cjn<n—l such that

=0 que{gna(jn}
fala)§ <0 ifqe(q,.dn)
>0 ifqe(0,q,)U(Gn,T,)-

Proof of Proposition B-1. First note that from the definition of f,, we have

fal@) = Ay — ————— -min(n, q). (B-3)

v lg—n|V1 T s

Next prove each part of the statement separately.

(i) Consider ¢ >n+ 1 then f,(q) =0 if and only if

1 1
(1+ m) =
The left hand side is a decreasing function of ¢ with maximum value equal to 2 for ¢ > n+ 1. Also,
since p, < 1 we have that 1/p, > 1. If n is large enough so that 1/p, < 2, we can always find a
solution g,, > n such that f,(g,)=0. Moreover, f,(g,) <0 for ¢ >7,, and f,(g,) >0 for ¢ € [0,7,,).



B-3

(i1) First suppose that ¢ € [n,q,,), from what we did in the proof of (i) we can conclude that
fu(q) > 0 for n large enough. For ¢ € [n —1,n), f.(¢) >0 if and only if 2 > ¢/(np,). Since p, 11
and ¢ is at most n this last inequality holds for all n large enough.

Next, suppose that ¢ <n — 1. Note that f,(¢) > 0 if and only if

1
(1+ >> 4
n—q/ " npn

We can rewrite the previous equation in the following equivalent form

n- Py
VZn

N——
gn(zn)

>Mn: (l_pn)v

where x,, =n — q. Hence, f,(q) > 0 if and only if g, (z,) >n- (1 — p). Note that

dg.(z) . mn-p d*g,(z) _3n-p
de 1= 2¢3/2’ and dx?  4x5/27

Hence, g,(x) is a convex function with minimum at zj = (®£2)%* Thus, whenever g,(z}) >
n-(1— p,) we have that f,(q) > 0. Observe that
gn(z}) >n- (1= pp) & (n-p,)*° (% +2%) >0 (1= p,) & 2267 > n'/P - (1= p,)n®.
T

If o > 1/3 then, because (1 — p,)-n'/3 — B, the last inequality above holds for all n sufficiently
large. If a = 1/3 the last inequality above becomes p?/3 - 3: > (1 — p,) - n'/3, and if 8 < 37, since
(1—p,)-n'? = B and p, 11, we would have g,(z%) >n- (1 — p,) for all n sufficiently large.
Therefore in both cases we have that f,(q) >0 for all g <n —1.

(111) Similarly, we can argue that if « < 1/3, or if « =1/3 and > 5 then g, (z}) <n-(1—p,) for
n sufficiently large. When g, (z*) <n-(1— p,) the function g, (x) (recall this is a convex function)
crosses n- (1 —py) at two points: z, ,, and Ty ,,, with 1 <z, , <z}, <Z1, <n. Defining g =n—Ti,
and ¢, =n—x, , we conclude the result.

O
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C. Proofs for Section 5
Proof of Proposition 1. We make use of Eq. (9) and Proposition B-1.

(i) Note that from Proposition B-1 part (i) we have that f,(k) >0 for all k € [n,q,], since
1g,,] <§, from Eq. (9) we deduce that m,(k) is increasing for all k € [n,|g,]] N N. Moreover,
because f,(k) <0 for k >7¢q, and g, < |q, | + 1 from Eq. (9) we have that m,(k) decreases for all
k€ (|g,]),00) NN. Finally, using a similar argument and Proposition B-1 part (i), we deduce that
7, (k) is increasing for all k € [0,n] NN.

(i1) Note that from Proposition B-1 part (iii) we have that f,(k) >0 for all k € [0,¢ ], f.(k) <0
for all k € (g ,qn), and f,,(k) >0 for all k € [¢,,q,,). Eq. (9) then implies that m,(k) increases for
kel0,]g |INN, it decreases for k € (|g |, [g.]]NN, and it increases for k € (4.}, 7,]) NN.

]

Proof of Theorem 2. This result relies on Proposition 2 which is stated in the main text in

the Proof sketch of Theorem 2 discussion. We provide a proof for Proposition 2 after the present
proof.

We prove each statement in the theorem separately.

(i) We analyze different cases. First we consider « € (1/3,1). In this case from Proposition 1
part (i) we now that m, (k) <m,(n) for all k, for all n large enough. Moreover, from Proposition

2 part (i) we have that for e € (0,1/) for all n large enough the following inequality holds

77%(”) —no‘l—e
mia, <P ("G 9)
Therefore,
PIQ(00) <nl = S ma () e ma(m) = T (,0) < nvexp (<05 - ) ma(,]) 0

Next, consider a =1/3 and 5 < f35. Let m,(k|3) be the steady-state probability when A, is such
that (1 — p,)n'/® = 8. For notational clarity we use \,(3),q,(3) and q (B) instead of A,,q, and
g, Itis possible to show that for 8 < " and n large enough we must have that

m(kB)  _ ma(bl8)
T ([@.(B1B) = 7@, (B)]IB)

Before we show Eq. (C-1), we will use to conclude this part of the proof. Fix § < 5 then we can
find B’ € (max{S7, B}, ) for which Eq. (C-1) holds and, therefore, from Proposition 2 we can take

Vk<n-—1. (C-1)

€€ (0,9(8")) such that for n large enough we have

n—1

P[Qn(oo) < n] = Zﬂ-n(k’ﬁ)

k=0
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= kIB)
<2 (@)
Wn(klﬁ)
= 2 7 [0, (317
mlla, (90118
SN (RN

6

16
—n-exp (= n"(g(8) — ) >0,
as n — 0o. Next, we verify Eq. (C-1). Note that for k < |g,(5')]

r([7.30018) _ 0 a(8)s 1
m.(k|B) H min{m,n} (1+\/m)

m=k+1

and
uX(CAGOED B y e 10 YU W

T (k|B) et min{m,n}

Hence, Eq. (C-1) is satisfied if and only if

)\n<,3/)mn(’8l)]7k < )\n(ﬁ)ﬁn(ﬁ/)]*k <:>/\n(6/> < )\n<,3) <:>n1/3 (1 . An(B/)§> an/B (1 _ )‘n(ﬁ)‘§>,

n n

since both expression in the last inequality above converge to §’ and ( (respectively) and ' > 3,
we can always find n large enough so that the inequality is true. This shows Eq. (C-1).
(ii) Consider first a € (0,1/3). Write

[7n] o
PlQu(00) =n] = ma(k)+ > ma(k). (C-2)
k=n k=17 ] +1

We next bound both terms and then show they converge to zero. The first term in Eq. (C-2) is
bounded above

[7n]

> 7a8) £ 7al(3,0)- () =+ ) =712, () =3, 77,4 1) S w7, o

a=py Y

where in the last inequality we used that |g, | <7,,, and Theorem 1 part (i) to obtain an expression

for g,,. In order to bound the second term in Eq. (C-2), first note that

Wﬂ): [I o (1+——), vk>la.l

1
VEi—n
Let

1
an=pu- (14 ),
1@, ] +1-n
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which satisfies a,, <1 for all n. Indeed,

P2 P2
& —=<[gl+1-n & 5 )2<1—<6n—mnj)+an—n,

1
p”'<”m)< (1= pn) (1—pn

from Theorem 1 part (i) the last inequality becomes (g, — |g,,|) < 1, which is always is true. then

00 s & .
(k) =7, (1q,]) - Pn- |1+
k:%:]“ k=§i+1 4=L1(;[J+1 ( \/m>

(@)

0o k
k=|qp]+1 4=, ]+1

=m(lg.))- Y ak
k=[q,]+1

aln)+1

() ) S
1

1—a,’

<7 (7.])

where (a) holds because the term 14 1/1/¢ —n is decreasing in ¢. Putting the upper bounds for
Eq. (C-2) together yields

2

P[Q.(o0) >n] <7, (|7,]) - (u_p#)szH' 1 _1%)'

Observe that the term in brackets is O(n”) for some v > 0. Also, we can always consider € > 0 such

that 3%/2 > € and then we can use Theorem 2 to find ny such that for all n > n,

2

mal18,)) < mallg, ) exp (= (5 =)0t 2).

Since m,(lg |) <1 and 1—2a >0 we conclude that
/82 12« Y
P[Q.(00) > n] <exp —(?—6)'71 -O(n") — 0, asn—oo.
Note that for « =1/3 and > ; the same argument holds, we only need to chose € > 0 such
that |g(83)| > e. This is always possible since for 5 > 5 Theorem 2 establishes that g(8) < 0. This
concludes the proof.

O
Proof of Proposition 2. We prove each part separately. First, note that

@) N oy .
T.(m) H Mn(k:)-min{k,n}_k_]-;[ min{k,n} (:H_\/m)’

k=m+1 +1

for any m < |q,]. Then

o (2037 = (9.~ oston) g ot [ty (1 o=)] 9
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(i) For m =n: Let x, = |q, | —n, then equation (C-3) becomes

ma(1,.) S
ox ("5 ) oo 3 w1 ]

In 1
—a:n~log(pn)+/1 log [14-%}6&54—0(1)

=z, -log(p,) + [\/5+$10g(1 + L) —log(1+ \/ﬂé)} X

NG
x, —log(1+/z,) + 2, - <log(pn)+log <1+ )) +0(1).

+0(1)

1
Vn
In the expression above we can use that z,, — oo, z,, = (7, ] — 7, + (1 oz and Taylor expansions to

conclude that

V= (lf?; )—%o(l), and that xn-(log(pn)-+10g (14—

Since (1 — p,)n* — 5 we have

J%)) T _p)2+\/57n+0(1) =0(1).

n—oo N
(i1) We assume that o <1/3 and we take m = [g_|. Note that since a <1/3 we have

27p;,

— 2 — 0, as n—oo.
4”'(1_pn)3 7

Then, we can use Theorem 1 and do a Taylor expansion to deduce that

2 2 5
Tom(pn) =1— —=\T — —2 — ——2%% + O(2? .
0, (:0 ) 3\/§ 27 81\/§ ( ) = (217/3%”)3
Hence, since a < 1/3 we deduce that
n—gq,=n-(1-p,)+0(n"+/2). (C-4)

In order to prove the result for this part of the proposition we need to analyze the term

) n—1 [@n]—n

o (A0 - -ta e+ 5 g 1 )] 5 e s

k=lg, I+1 k=1
n—1 1
=(n—lg,])log(p.) + log |~ (1+
o) 3 i (14 )
B
[@n]—n 1
(LQnJ -n log pn Z log |: 7i| +log(2).
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Let’s look at each one of the terms A, B and C. For A, using Eq. (C-5), we have that
(n— g, 1)1og(pn) =n- (1= pn)log(pn) + O(n=2) = —n- (1 - p,)* + O(n'>*) + O(n"'~72),

and because o < 1/3, we have that A/n'~?* — —(32. So we only need to case analyze B and C.

From the proof of part (i) we have

Pn 1-2a
C—W+log( —pn) +O(1) =0(n" %),

where the last equality comes from «a < 1/3. For B,

B = /L;_Jl log [g . (1 + \/%ﬂd:r+o(nl_2a)

= [xlog(g)—l—x—\/n— —(n—x)log(1+ \/1%)+log(l+\/n—x)] Tqulj + o(n'~2*)
=n—1-lg, Jlo( ")+ lg,] — /o~ la,] ~ (n g, })log(1 + ———)
lg | n—lq |

+log(l+4/n— LqJ}—i—o 1=20)

=n
n

=n—lg,| 10g(j) —lg, ] +o(n'™*)

g,
ol <(n m"p ) <n{2—L qtangn ) oot
-l ) B
- 2@ J +0(n )a

n

1—2a

using that o < 1/3 it follows that this last expression, when scaled by 1/n , converges to 3?/2

. Therefore,

1 log(w)ﬁ—ﬁz 52+0—_”822 as  n— 00,

as required.

(iti) We assume that a =1/3 and we take m = [¢_|. Note that

70.n(Pn) = g - COS (é arccos (— <[§)3)>2 2r(B), as n—oo. (C-5)

Observe that since we are considering 5 > 87 the arccos(-) term is well defined and, therefore, so

is (). We need to analyze the following expression

log (W):(n—tan)log(an TLZ_I log [%(H;)}

m(lg,) = n—k
A =N
B
I.ann 1
+(|q,,] —n)log(p, log |1+ +lo
(17,) —n)log(p,) Z g| ﬁ} g(2).
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Let’s look at each one of the terms A, B and C'. For A, using Theorem 1 we have that

A= (n—1g ])log(pn) =n- (1= pn)-r0n(pn)10g(pn) +0(1) = =n(1 = p)?ro n(pn) + o(n'/?).
Similarly to part (i) above, for C' we deduce

Pu o Pr o(n'/?).
C= (1_p)+lg( —pn)+0(1) = (1_pn)+( )

Finally, for B (similarly to part (ii) above)

B=n-— [Lq Jlog( ,/n— (n— Lq )log(1+ m)+log(1+ - LQnJ)] —|—0(n1/3)
n—|q

—1g,] —la,] los( L N )+2y/n— g | +o(n'?)

_(n—Lq 1)? — o(nl/3

and, therefore, using that n'/3(1 — p,) — B, n — lg, ] =n(1 = pu)ron(pn) and Eq. (C-5) we can

compute the limit

B 1 (g ) yrole) gy
n1—>11<;lo nl/3 nl—>nc}o nt/3 ’ 2Lq J - nl/3 - 2

+2v/8r(P),
where () is defined in Eq. (C-5). From this we can deduce that

q 2
() s ZE T 0w o (o

It is possible to verify that g(8) satisfies g(87) > 0 and it is strictly decreasing for 8 > f;, with

limg 00 g(8) = —00, see Figure 10. Therefore, there exists 5 > 87 such that g(85) =0. Thus we
have verified that ¢g(3) is such that if 8} < 8 < 5 then g(8) > 0, whereas if 5 > 55 then g(5) <O0.

¥

Bi B3 B

Figure 10 Function g(8) as defined in Eq. (C-6), g(8) is strictly decreasing and it crosses zero at (3.
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O
Proof of Theorem 3. We make use of the lemmata C-1 and C-2 which we first state and

then prove after the proof of this theorem. We also make use of Proposition 3 which is stated in
the main text and proven in this appendix.

In order to simplify notation let p;f = P[Q,,(c0) >n]. Let f=f; and a =1/3 then from Lemma
C-1 and Lemma C-2 there exists n; such that

1—exp <7 CQQBB) exp (7 C2453)
S N A A _ 141 — 2 _
02[33 + c2p3
e ot ey S e
c? Tn — Mn _ _ . R S Tn
exp( z < 2(5- r<ﬁ>>3/2>) L, ' exp( o (1 2(E~r(;))3/2>> 4
c? 1=
T(l T . ' s
A(C) B(C)

Next, fix € > 0 then by Proposition 3 we have that there exists ny such that

T ([7,))
ma(lg, ])

n

exp(—e+c) < <exp(e+c), Vn>ns,.

Therefore, for all n > max{n,n,}

+
A(C)-exp(—e+c) < (1]?7") < B(C)-exp(e+c),
jas
or, alternatively, (letting e — 0)
A(C) o . B(C)
— <1 fph <1 T ——
670+A(C) — ITILI_‘HLI.} pn = liis;lppn — 676+B(C)
Now we want to find the tightest upper and lower bound. To do this it is enough to maximize
the LHS and minimize the RHS above as a function of C. Since all the parameters are known

(B3 ~2.6030 and r(B5) ~0.7192) we can obtain numerical values,

{ A(C) } 0.0524 4 mi { B(C) } 1.3173
max ~ and min ~ )
c>0 Le—c+ A(C) e=c+0.0524’ c>0 Le—c+ B(C) e°+1.3173
So if we fix pg € (0,1) then there exists ¢* € R such that
13173

e +13173 T
and ¢* increases with py. Therefore if we let

(pn) = 0.0524

PLiPH) = = 0.0524°

we have that pp(pw) € (0,1) increases with py. In particular, lim,, ., pr(pg) = 1 and
lim,,, o pr(pr) =0, as desired.

O
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LEMMA C-1. Fiz ae€(0,1/3) and >0, or a =1/3 and B > ;. Suppose that lim,,_,., n*(1 —

pn) =0 and let C >0 be a constant then

1o
1—exp<—C'2- <1—{D"71/‘?/2>)
2- 26-(F)) <liminf

PlQn(0) <n]

Cz.(l_ Yaz/s} ) n—yoo fo ™ (lg,J])

2(8-r(8))3/2 "

and

_C?(1_ MHe=1/3
eXp( 2 (1 2(5r(5))/2

L PlQu(e) <
e (7 B (R vy

2 2(B-r(B))3/2

where () =1limy, o0 ro,n(Pn)-

LeEMMA C-2. Fiz € (0,1) and B> 0. Suppose that lim,, . n*(1 — p,) =5 and let C >0 be a

constant then

0253
mew(-9F) P(Qu(00) > 1]
2. 25 <liminf ——- — ,
5 n—oo (Op2® Wn(LQnJ)
and
0263
P[Qu(00) > ] exp (- 4F)
limsu . — <2 4+ 2.
et Cnde T m([2,)) P

4

Proof of Lemma C-1. We start we the lower bound. Let b, = C'y/n and note that

(g on bu 2= 7ullg,])
lg ]+bn

1 73 (k)

S DRx (7R

lg,]  lg,] lg,, ] +bn

X by 2 I e )

" k=g, —bn t=k+1 Pn Tt <1+ Vn—t k=|g,J+1¢=lg, |+1

(é) 1 LgnJ 1 LQRJ _bn 1 Lgnjfk)
k=lg, ] =bn P (1+ n—lg, J+bn)
Sin
lg |+bn
S n 1 k—lg, ]
DI Clreswal G )
" k=|qg |+1 anJ +On n—|q | —b,
som
1 1—-snt 1 San — gbntl

b, 1—s,, b, 1—s,,

where (a) comes from the fact that the function

hp(x)=—-(1+

1
Y n—r

);

(C-7)
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is decreasing in [0,g +b,] for n large, we show this at the end of the proof. Next we show that both
terms in Eq. (C-7) above converge to a constant. First note that from Theorem 1 we have that
g =n— 2z where 27, is given by n- (1—p,) -70,,(pn). Note that 1 —r,(p,) is of order O(n~=3*/2)
if @ <1/3 and 7 ,(p,) converges to a function of 3, r(3), for a =1/3

r(B) = g - cos (%arecos <— \/@»2

For the rest of the proof we will use b,, to denote b, + (¢, —lg,])- Note that |(¢ —[g, ])| <1. Let

l,=(n—2z2—b,)/n, for s;, we have that

1 1
Slnzign 1

Pn

1 1 1
szn(1— FO(—— ))

Pn 22+, z5 +bn

1 1 1 1
:75,,(1—* _ 1 O(—— ))

1 1 b b2 1
S PR L )

Pn n 223+0(22)+ (Z%ern)

6, L, b, ,b2 ly
e O+ O(—— ),

P PnZn  2pnZ, PnZp pn(z% + bn)

the last two terms above times b,, converge to zero. Hence,

bol, byl, L,b,b,
+

b - (1 — $10) = by — .
(1= s10) P Pnin 2pni

+o(1).

The expression above converges to C? - (1 — 2:;‘:?%) Indeed, the fourth term above is

O(n)/O(n2=) which is o(1) when a < 1/3 and converges to —C2/(23/2.7(8)%?2) when ar=1/3.
The first three terms converge to C2. Indeed, recall that q, solves the equation
Pon n(l—p,), or equivalently, 22+ NP n(l—p,). (C-8)

4,
n—q. Zn

Hence

bol, byl,  £,b,b
+ —

1
Pn PnZn  2pn% Foll)
2 2

() e ) e e
2

:bn_( Zn) bn+ by, +bnl~3n_£nbn5

by, (1—51,)=b, —

Pn

n

. 1
Pn PnZn  Palt 2pp23 +o(l)
2 2

Eq.(C-8) 22\ b, b, 22\ byb,  Lnbnb
= b <1 n) pn+p%((1 o) n)+pnn 2pn22+0(1)
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_ bn g’", en b’nlg
B PnT 2pn22

+o(1)

2 CQ
—C* - l{a:1/3} ’ W

Given this, we have

11— sbnt! —exp< (b, +1)log Sm))
b, 1—s, by (1 — s14)
1—ex ( n(1—5s1,) +0(1))
b (1 —s14)
1—6XP( ( i)

note that the function (8r(3))3/? is strictly increasing and equal to 1/2 at 3 = 3;. Because we are
considering 3 > (7, the last expression above is positive. Finally, since this limit is a lower bound
we obtain the desired lower bound for the liminf.

A similar argument shows that

_ 1i,—
Next we move to the upper bound. We first note that
lg,, | +bn
> malk)<mallg ) (2-ba +1).
k=lg,]—bn

Now we bound the terms in [0, [¢ | —b, —1] and [[g |+ b, +1,n —1] separately.

1 I.ﬂnj —bp—1 1 I_q J=bp—1 \_q ] 1 e 1
S Z To(k) = Z Hf.f.i
bemalle, ) 5 b S G (1)
—bp—1 1
@1 o S 1
< . -~ .z
L e P (1 + \/ﬁ)
b1 -1 k—1
o 1 lg,] 1 la,, ] . 1 lg. ]
2 I
bn k=0 Lﬁ J —k—1 t=k+1 Pn (]_ + 1 )
lg,, ] ~bn—1 lg,, -1 lg,, | —k—1
© 1 n { 1 "i 1 ¢ 1 }q
~ bn k=0 bn t=|g, |~bn P T <1+ ;4)
Sin
A U b
ll)n_sln
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where in (a) we use that

1)

)
* n—lgq,|

in (b) the inequality of arithmetic and geometric means, and in (¢) the fact that h,(z) is decreasing

for £ < g +b,. In order to simplify notation let Z=n—|g J Let us analyze sy,

lg, -1
1 - 1 1
=g D poon (14 1)
"oe=lg, b " <1+\r74)

8

1 lg, | 1 1
</ tr vV
o St (1)

1 1
=7 . [6(—3n2+n(8\/n—w+6)+4x\/n—x—12\/n—x+3x2—6w>
nTPn

la,,]

—2(n—1)log(v/n—x+1)

la, ] =bn

1 [1%—422 —12

. _ 4. _ b2
= (zn—\/sz—l—bn>+6bn B bt (0= 22— 2

Zn+1 )
VZ2+b,+1

If we denote this last expression §,, then for b,(1 — §;,,) we have that

B b,np,

—2(n—1) log<

bn(l—gln):bn—nin[12”_t§3_122n<1—,/1+2)+(n—z§)bn—bj +0(1)
[12n 432 —12(_2b;n Sb%)ﬂn—éi)bn—bj“ tol1)
By (12 )n Ty (RO S . EL ETEY
Pn npn/ P Zn ApnZy  2ppm
b Ll ) - e o)
=—4/f’ St o),

where in the last equality we used that when o < 1/3 then (1 —ry,) = O(n~=(173%)/2)_ This last
expression converges to %(02 — 1{&:1/3} . W), which is a pOSitiVe quantity. Therefore, for n

large enough we have §;,, <1 and, thus

lg, J—bn—1 ;(C? <
M. L o2 (3t i)
S s
. b (L= s1n) T ba- (1 2 |
bo-ma(le,]) &= b (1= 81n) = bu- (1= 51n) 502~ Liomsar s

where is the second inequality we used that for n large enough §;, <1.
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Next we move to the range [|g |+b,+1,n—1]. First observe

n—1

that

S k) <ma)- (1= 13.)) <~ 13,1y =0,

2= (CA)
where the limit follows from Proposition 2 part ). Thus,
n—1 LGn ]
1 1
_ (k) =
(TR P DR

—=n k= LgnJ+bn+1

3

k=|g,J+bn+1t=[g, |+1

I
=

IA
=

n

) k:l_gnj+bn+1 Z:I_ganrl

ST eh (e

Ldn ]
2 { ~lg,] Z o

= Lg 41

Ldn ) 1 la, ] +bn n 1
3 {b. 3 pn?.<1+

~| 3

n

bn+1
Son

bn . (]. —Sgn)'

IN

Let us analyze sg,,

[an‘f‘bn

- > p"'%'(1+ nl_g)

l= Lgnj +1

S =

Sop =

I.ﬂ J"rbn 1
. oo 2 (1)
/Lan vVn—=T

Zn _ bn
b A [t

n ' n 1 vn 2
:pbn-[log(l—i— )+—<log[ -
n lg,l” vn 1+ 1-4

Denoting this last expression by Sy, we have that

S2n

=228 [1og(e) + = (loa(vii— vii=2) ~log(Vai—z -+ Vi) )|

|

n

ﬁ
1+ 2

_ Zn __bn
bn-(1—§2n):bn—pn-n-log(l—l—LZ:J)—pn-\/ﬁ-(log[l_i_;/j.\/ii:}—10g[1
Vvn z
2 2
:bn_pn'n'(LZ:J_2LZZJ2)_pn'\/ﬁ'<\/%n2n+4\bf~3) o(1)
=pun 2;22 " 4bis+bn-(1—pt” T—%)—l—o(l)
), 2[’32 o b (L= )P (1= ) 1 o)
=pn- .QLZZJ2_p”.4b§%+O(1)

q,]

lg, 1 +bn

D)
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where from the first to second equality we we did a Taylor expansion around zero of the functions
log(1+ z),log((1 —2)/(1+z)) and /1 —x, and collected the o(1) terms. In the last equality we
used that when o < 1/3 then (1 —r,) = O(n~(173%/2) As before we can argue that 3, <1 for n

large. From this we have

. ) 12 . L))
D DN sl B exp (= 3(C?~ Lo sz

) n — . _ — . g 2 '
bn Wn(LgnJ) k:LQnJ‘an“l‘l bn (1 S2n) bn (1 8271) %(CQ — 1{a:1/3} . W)

Finally, since this limit is an upper bound we obtain the desired upper bound for the limsup.

Remaining proofs. Let
1 1
ho(z)=—-(1+

x n—x

),

we show is decreasing in (0,g +b,] for n large. First,

dh 1 1 1

'n ——— . (1 7) (n — *3/27

dx (z) x? < +\/n—x +2x(n z)
so h,(x) is decreasing if and only if x <2((n —2)%? +n — ). Note that the LHS in the previous
inequality is strictly increasing and the RHS is strictly decreasing. Also, at x =0 the LHS is below

the RHS, and for x =n the converse is true. Therefore, there if for some y,

b= (14 =) (c-9)

then the same is true for all x <y. Consider y = q,+ b, and let £,, =1 — nﬁ—’;

n

—b,)*/? - (1+ 7’2,—2—[),”) =(n—

—n

q )*PeR

g, (1+ \/17 \/711—7(]71)

Eq.(C-8) 3/23/2 1 (g, —mpn)
= "(n—q )0/ =- (1 + : )
n /én npn
npn(Vl, —1) —|—gn)

npn

(n—gq

—n

=(n—gq )", (

note that for n large enough np, (v, —1) +¢_ >0. Then Eq. (C-9) is satisfied if and only if

Pu q,+bn (=0 y
2 7 =< = =n “ na 1- n)T0,n\Pn 5 C—lO
S P erw o s Trwy] R (11 = pu)roa () 10

Hy,
where we used that n —¢ = n(1 — pp)ron(pn). Since ¢, — 1, H, — 1. If & < 1/3 then for n large
enough the previous inequality hold. If & =1/3 and 8 > 5, the LHS in Eq (C-10) converges to
1/2 and the RHS to (8r(83))?/2. This last function is strictly increasing and equal to 1/2 at 3 = 3;.

This implies that for n large enough Eq. (C-10) is satisfied, completing the proof.
O
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Proof of Lemma C-2. We start we the lower bound, let b, = Cn™ and note that

PlQu(0)>n] 1 g~ malk)

buma([@)) bn = 7((@0))

[Gn | +bn
1 7% (k)
> >

n k:\ﬁnj—bn Wn(anJ)

Lanj +bn k

Ly H111)+b1 > I e(ir =)

k=|3,, | —bn t=k+1 Pn (1 + " k=|G, | +10=Gp | +1

l—n
2, [ )=k (@) +bn k=T,
1 1 1 1 1
> Y [ 1 ] DY [pn(l-i- —— )]
" k=lgn)—ba LP" <1 + \/ﬁ) " k=[G +1 1G] +b0—n
S‘I’n 2n
Il AR it A

bn 1 — S1in bn 1 — Son
Next we compute limits for b, (1 —s1,,) and b, (1 — sa,,). Before we begin note that g, =n+ 22 where
22 =p2/(1—p,)?* and let b, =b, + (G, — |q,]) then
1 1 }

bn(l - Sln) == _Bn - En :

z2 —b,
[ | 1 b
— 2205, —b, 177{1 "}) 1}
bn - Pn Zn - 22’% +0( )
by (1—p,)* b2 3
== (1 — 1
[ g (1= ) o )
233
~
Thus,
B _0255
| ()
b, 1-—si, c2p3
2
For b, (1 — sq,) we have
b, ~
n 22 +b,
bn 7 1 ~n
by [ B2 3
—aﬁ (1—pn) +0(1)}
203
—>Cﬁ
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Thus,
2
1 o, bn+1 1—exp( 053)

— Sop
7 - 253
2

bn 1 — Son,
Finally, since this limit is a lower bound we obtain the desired lower bound for the liminf.

For the upper bound note that

M_iw Tn qunJ—an(k) 1 > (k) ]
i R D EESE A I o R I

so we just need to upper bound both summation on the right hand side of Eq. (C-11) and take the

limit. For the first summation we have

anJfbn (k; LQnJ bn, LQnJ 1

1
E Z Wn(LQnJ bn Z H

k=n =n (= k+1pn'<1+ ﬁ)

_ _— Gl -k
(a) 1 I.qnj bn 1 I_an 1 1 I‘q J
LD

" =[Gy ] —bn+1 Pn -

Sin

where in (a) we used the inequality of arithmetic and geometric means, and the fact that the

function inside the summation is increasing. For s;,, we have

\.an_l 1

S1in = 1 . Z

pnbn EZLﬁnJ*anrl <1+ \/ﬁ)
1 an 1

. / S
oo Jao (14 )

= -[—2\/x—n+2log(\/az—n—|—1)+x—n]7
dn—On
1
- - [—22n+210g(zn+1)—|—2\/z§— n—210g(\/z,%—bn+1)+bn},

then denoting the last expression above by §;,, we have

1
b, (1—sln)—bn—p—[ 22, + 210g (20 + 1) +21/22 — b, — 2log(y/22 — by + 1) +b}

IN

n

b b2 b
=b,+— o — = +o(1
" PnZn * dpnzy  pn +oll)
C? 33
— .
4
Hence, since (for n large) 5, <1 we have
Tn—bn c?p3
1 e 1 1w oo (-9
bn Trn(qn) o bn 1 — S1in o bn 1 _gln % ’
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Now let us consider the second summation in Eq. (C—ll)

Loy b 1 p(14 )
On k=|Gy, ] +bn+1 T ([@0])  bn " k=[Ty ) +bn+10=(G, ] +1

1 ) |Gy | +bn 1 k—1a,]
SN E oI

k=[G, ] +bn bn =g, ]+1

$2n
bn,
1 sor

:51—32

where we used the inequality of arithmetic and geometric means, the fact that the function inside

the summation is decreasing, and that for app £ > |7, | + 1 the terms in the summation are strictly

bounded above by 1. For s,,, if we let 22 =g, | —n, we have

Sop < — - / (1 + )dac
bn Jig,) VT —n

Sy {2\/m—n+x]

bn Lanj
- Zi : [2\/23+bn _ 22n+bn},

denoting this last term by S,,, we have

bu- (1= 520) =bu = pu [20/Z2 + by — 22,4,

b, b2
=bu(1=pu) = pu- | 22 = 15| +o()
0263
— 1

Thus, since 8, <1 (for n large) we have

- 28
1o w1 1w o)

—
ﬂ-n(anJ) B bn 1 — Sopn o bn 1 _§2n %

" k=|Tp)+bn+1
Finally, since this limit is an upper bound we obtain the desired upper bound for the limsup. [

Proof of Lemma 2. This result is a direct consequence of Lemmata C-1 and C-2 which were

stated and proved right before the present proof. [
Proof of Proposition 3. Consider the following

pul) = 1= Ve (85— B (55— 7)) =

Note that n'/3(1 — p,(y)) = B; +y > B; and p,(y) 11, hence we can always find n; such that for

all n>mn, the leftmost equilibrium ¢ is well defined. Note that for p,(y) we have

o (D) = vty 5 e[ (0 )] 3 o ] e

(C-12)
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Furthermore, observe that both q, and g,, are continuous functions of y,

(y) =n—n(1=pa(y)) ron(pn(y)) and qn(y):n+%~

Define,

A Wn(LQn(y)J)
July) =1log <wn(tqn(y)J))'

since we are using the floor function, f,(-) might not be continuos. In the first step of this proof
we show that the potential jumps of f,,(-) in D converge to zero (Step 1). Then we show that there
exists a sequence ¢ such that f,(v5) — ¢ (Step 2) and v — 0 (Step 3).

Step 1. Fix € > 0. First, we prove that there exists 7 such that for all n > n we have that
Yy e D, 35 >0 such that Vy: |7 —y| <d=|f.(9) — fu(y)| <e. (C-13)

We choose 7 such that for all n > n:
® sup,.p 2|log(p,(2))| <e€/9. This is possible because p,(z) — 1 uniformly in D.

sup | log and sup|log <

Lol e (1+ )|<5
€D lg ()] +1 6 ) n—lg () -1 6
This is possible because for any z € D, n/(lg (2)]+1) — 1.

1 ] €
—— ‘ <3
2, (2)] =nt1 ™3
This is possible because for any z € D, (]g,,(z)| —n) 1 cc.
Let n>n, and fix y € D, we consider the first three terms in f,(-), see Eq. (C-12). Let Q,.(7) =
14.(9)]) = g, ()] and R.(9) =74,(9) — ¢,(9), and note that [Q.(7) — Rn(9)| <2 for any g. Also,
R,.(7)1og(pn (7)) is continuous; therefore, there exists d; such that

sup | log [1 +
zeD

| R (9)1og(pn(9)) — Rn(y)log(pn(y)) <€/9, VG: |§—yl <01

Using this, for the first term in Eq. (C-12), we have

Qn(Y)1og(pn (7)) — Qu(y) log(pn(y))( = ‘(Qn(ﬂ) — R (9))log(pn(9)) + Rn(7) log(pn(7))
— (Qn(y) — Ru(y))log(pn(y)) — Ru(y)log(pa(y))
< 2|log(pn(9))] + 2| log(pn(y))|
+ |Ra(9) 1og(pn(§)) — Ra(y) log(pn(y))]

€
Sga
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for all § such that |§ —y| < 4. For the second term in Eq. (C-12), observe that since ¢ (-) is
continuous there always exists d; > 0 such that for all § with |§ — y| < d, we have HQTL@)J _
lg (y)]| < 1. Therefore,

n—1

1
> el (1 =)
k=lg, (3)]+1 n-

n—1

¥ 1og[%(1+ n1_k>H< log[tqn(ﬂT;JJrl'(H ! ~)J—1)H

b=la, () ]+1 n—lg,(y
< e [ g gl
1
+ | log (1+ — Lgn(gj)J = 1)‘
<£
-3

Finally, for the third term in Eq. (C-12), since g,(-) is continuous there always exists d3 > 0 such
that for all § with | —y| < 3 we have ||g, (9)] — |7,(y)]| <1. Therefore,
[@n(9)]—n [Zn(y)]—n 1

Z 10%[1+\}E}— ;; log{lJr\}EHS‘log[ler)J_n]‘ég

k=1
Putting the three inequalities jus proved together, for § <min{d;, d, 05}, delivers Eq. (C-13). Next
define
An £ sup |fn(y+) - fn(y_)|7
yeD

then Eq. (C-13) ensures that A, — 0.

Step 2. We construct 72 and show that f,(75) — c. Fix y; € (= (85 — 57),0) and y» € (0,85 — 57,
we next argue that there exists ny such that for all n > ns it holds that f,,(y1) > ¢ > f,.(y2). Indeed,
consider first y; and note that 85 + vy, € (67, 55). For g(-) as in Proposition 2 part i), one has
9(B3 +v1) > 0. So, again by Proposition 2 part i) we have that for any €, € (0,9(3; +v1)) there

exists n; o such that for all n >n; » we have

c<nl/?. (9(61) - 61) < fn(yl)'

A similar argument that leverages the fact that g(55 4+ y2) < 0 shows that there exists ny o such
that for all n > ny 5 we have f,(y2) < c. We take ny = max{n; »,n22} to conclude that for all n > ny
it holds that f,(y1) > ¢ > f.(y2). To conclude consider n > max{ni,n,} then, by Step 1 we can
always find v¢ € (y1,y2) such that

A,
=St < () S

A,
2 2
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Taking limit at both sides and using that A, — 0, we conclude that f,(75) — c.
Step 3. To conclude the proof we need to argue that v¢ — 0. Note from the argument above
{75} is a bounded sequence. For the sake of contradiction fix ¢ > 0 and suppose that

limsup -y, > e.

n—oo
This implies that there exists a subsequence {’yg(n)} that convergences to a point 4¢ > e. Let

* c
ﬂZ o ’Yn
n1/3 nl/S7

/37L:1_

then k(n)'/3(1 — prem)) — B5 +4°. Because g(85 +4¢) <0 from Proposition 2, for € > 0 such that
9(B5 +7°) + € <0, we can deduce that for all n large enough

fk(n) (/yg(n)) S n1/3(g(55 + ,3/0) + 6/) S Cc— 6/-

However, from Step 1 we know that fi,) ('yg(n)) — c¢. This, together with the previous inequality
yields a contradiction. The case when liminf,,_, ., 75, < € can be treated similarly and is thus omitted.
Therefore, for any € >0

e <liminf~y, <limsup~y; <e,

n—00 n—o00
since € is arbitrary we have that . — 0, which concludes the proof.
O
Proof of Proposition 4. We prove both statement separately.

(i) We show that

lim P[Q,(x) < |, ] — C-+/log(n)-n'**] =0,

n—oo

the other case in analogous. To reduce notation let b, = C'-y/log(n) - n'-** for some C > 0 that we

will choose later in the proof then

P[Qn(00) < [g,] = bn] <P[Qn(00) <n]+Pn <Qn(c0) < [q,,] — bn]
(7] —bn

=P[Qu(0) <n]+ > m,(k)

k=n
by Theorem 2 part (i) the first term converges to zero. For the second term we have the following

upper bound

anj _b’n LanJ _bn La’VLJ 1
SITCTD Sl | G
k=n k=n ({=k+1 p'n. 1+\/m

(a) I.Enj —bn 1 Lﬁnj—l 1 I.anj_k’
S T— 1 47 °
e £ = )]

l=k+1 Pn*
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[@n]—bn 1 [@n]—1 1 lgn]—k
N =

k=n L7 =13, —bat1 Pn'<1+ =

Sn
b
< S’
— )
1—s,

where in (a) we used the inequality of arithmetic and geometric means. We next show the last
term above converges to zero.

Recall that g, =n+ 22 where z, = ey We have

1 anJ71 1

=Gy ) —bn+1 (1 + ﬁ)

IN

r—n

- .[_zmmbg(\/mﬂ)ﬂ_n} o
dn—b0n
= 1 -[—an+2log(zn+1)+2m-210g(\/zg—bn+1)+bn},

denote this last term by §,. Then

1 n 1
. / b
Pn bn Gpn—bn <1 -+ 1 )

n

G = pnl-bn -2z +2(Z1n +0(n~2)) + 22, (1 21)2”2 - ;i +O(Z))
= 1—Z+;—1+0(2)) =
= pnl'bn . [22,”(— 2221 - @) — 2(— Qb;%) —i—bn} +O(n"**1og(n))
= [1 + ( pgn)3 — b"(14pip”)3] +O0(n"**log(n)).
Hence, 5,, — 1 and
b,-(1-38,)= (1_/)?'?")3 . 4b§’ +0(n=*?1og(n)*?) = O(log(n)). (C-14)
; —~

O(n=32)  O(n3*log(n))

From this we can deduce that b, - (1 — §,,) = 400 (which implies that §,, <1) and
by (1—=3,)?=0(log(n))-(1—3,)=0(log(n))-O(n**?*\/log(n)) — 0 as n — occ.

Putting all this together yields, for n large enough,




C-21

§bn

< n_
“1-s,

exp ( by (1= 5n) + O(bn(1 — gn)2))
- 1-3,

_ 3:2

Bq.(C-14) exXp (_ S 52;12 = + O(n_a/z 10g(n)3/2))

B 1-3,

_ n3a(17pn)302

n arj, exp <O(n‘“/2 log(n)3/2))

1-5,

9

observe that the exponential term above converges to 1. Also, the denominator is O(n=3%/2,/log(n))

while W — 33C?/4. So if we choose C' such that 43C?/4 > 3a/2 then we have that
Lanj —bn
Jom > m(k)=0,
k=n
as desired.

(i1) We show that

n— oo

the other case is analogous. To reduce notation let b, = C - y/log(n)-n for some C' > 0 that we
identify later then

LQHJ*bn*:L

PQu(0)<|g |—b= > ma(k)
k=0

lg |-bn—1 |g |
- - 1 / 1

T e ()

k=0  fl=k+1 P

n—~_
bp—1 -1 —k—1
© la,,] 1 la,,] 10 1 }anJ
< b — =
k=0 " t=|gq, |~bn Pn T (1—1- 73_()
S1in
Sin
- (1 — Sln)
where in (a) we use that
1 1
lg, ] <1
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in (b) the inequality of arithmetic and geometric means, and in (c¢) the fact that the term we are
summing in the second summation is decreasing in ¢ is decreasing for ¢ < q,+ b,. In order to

simplify notation let Z2 =n — |g |. Let us analyze si,,

1 < 1 7 1
Sin = Z - ﬁ : !
"=l -bn " (1 T H>
lg,,]
bn lg, J=bn P T (1 + nl—w)

1 1
= . [<—3n2+n(8\/n—x+6)+4w\/n—x—12\/n—x+3x2—695)

b.np, |6
la,,]

—2(n—1)log(vn—x+1)

LgnJ*bn
1 12n —43% — 12 4
:bnnpn'[ n 6zn (En—«/é,%ern)Jrgbn 22 +b, + (n—22)b,
b? Z,+1
| e |
p ~ A= Dlog | mmm=

If we denote this last expression §;,, then for (1 — §;,,) we have that

i 1 [12n-422 12 | b, Y b2

1 '12n—453—12< by | b: )+( 2 bl ( 1 )
=1- — n—z.)b,— 2| +o
b.npy 6 2z, 8z n 2 nlog(n)

O( nlo;(n))

R ( bn | bi)+(n 52yp, = b —|—0< )
pu— —_ n _— J— n_i
bynp, 2z, 8z " 2 nlog(n)
Eq-g-wl_(l_%%)u((l—pd_Zi>1.zn_ bu_ b +o )
n/py, Pn npn/ pn Zn ApnZi  2pam nlog(n)
. +of ! )
o 4paE 2pn nlog(n)/’
~—— ——
o 25D oW/
hence, s, — 1 and
by (1—3,)=b ( bn_ | b +o( ! )) O(log(n)) (C-15)
n ° — Sp) = 0p * - = - . -
4pnZy  2pum nlog(n) &

From this we can deduce that b,, - (1 — §,,) = 400 (which implies that s, <1) and

log(n)

b, - (1—35,)>=0(og(n))-(1-3,)=0(log(n)) O( )—0 asn—oo.
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Putting all this together yields, for n large enough

LﬂnJ —bp—1

sbn
< n
Z W"(k) - 1— Sn
k=0
b
< n_
~—1-s,
exp (= by (1=5,) +O(ba(1-5,)?))
by by log(n)3
Eq.(C-15) Xp (_ (_ dpnZ; + 2pnn) +0( gT)>
B -3,
2n 2n
7’},7 (74§n2%+2c;nn> exp (O( M)>
B 1-3, )

observe that the exponential term above converges to 1. Also, the denominator is O( @) while

_Czn+02n_>02<1_1 ;)
40,3 " 2pm 2 =B 2B ()32 )

where 7(8) = lim,,_,o 70.n(pn), and the term in brackets in the expression above is strictly positive

when aw=1/3 and > 7. So if we choose C such that

02
3 (1 —Lia=1/3) - W) ~ 3

then we have that

[ﬂnJ*bn*1
lim Y (k) =0,
k=0

as desired. [



